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Abstract 

We rederive a relation between the genus-one GW-invariants of a quintic threefold in P^ and 
the genus-zero and genus-one GW-invariants of P^. In contrast to the more general derivation 
in our previous paper, the present derivation relies on a widely believed, but still unproven, 
statement concerning rigidity of holomorphic curves in Calabi-Yau threefolds. On the other 
hand, this paper's derivation is more direct and geometric. It requires a bit more effort, but 
relies on less outside work. 
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1 Introduction 

1.1 Summary 

Suppose 7 — ^P" is the tautological line bundle, aGZ"*", and 

If s^H^{F'^;£) is a generic holomorphic section, 

is a smooth hypersurface in P". It has long been known how to express the genus-zero Gromov- 
Witten invariants of Y in terms of the genus-zero GW-invariants of P"; see (jl.ip below for a special 
case. The latter can be computed using the classical localization theorem of |ABoj . In |LZj . we 
prove a genus-one analogue of (|1.1|) for an arbitrary hypersurface Y. The proof itself is rather 
simple. However, it relies on the constructions of reduced genus-one GW-invariants in |Z6j and 
of euler classes of certain natural cones in a setting more general than in |Z5j . The latter in fact 
constitutes most of ILZI. 



In this paper, we rederive a genus-one analogue of (jLlj) for a quintic threefold Y in P^, i.e. for a = 5 
in the above notation, in a direct, albeit more laborious, way. In order to do this, we will assume a 
certain rigidity property for genus-zero and genus-one J-holomorphic curves in a quintic threefold; 
see the next subsection. While it is not known whether the rigidity property is satisfied, it is widely 
believed to be the case, at least for curves up genus two or three. Our derivation generalizes to 
arbitrary Calabi-Yau complete-intersection threefolds in projective spaces. It can be used for Fano 
complete-intersection threefolds as well, but in such cases it can be obtained by taking z^ = in 
Subsection ?? of jLZj. In the Calabi-Yau cases, this cannot be done and this paper's derivation is 
different from that in Subsection ?? of ILZI. 



Quintic threefolds, as well as other Calabi-Yau manifolds, play a prominent role in theoretical 
physics. As a result physicists have made a number of important predictions concerning CY- 
manifolds. Some of these predictions have been verified mathematically; others have not. This 
paper indicates that one of them fits in nicely with known mathematical facts. 

If X is a Kahler manifold, g and k are nonnegative integers, and A £ H2{X;'Z), we denote by 
3Jlg^fc(X, j4) the moduli space of (equivalence classes of) stable holomorphic maps from genus-^ 
curves with k marked points in the homology class A. Let 

mg{x,A) = mg,o{x,A). 

If l: Y — >P" is an inclusion and i is the homology class of a line in P", let 

^gAy^d)= \J mg,k{Y,A). 

LtA=M 

If y is a Calabi-Yau threefold, the virtual, or expected dimension, of OJtg(y, d) is zero. The virtual 
degree of 9Jtg(y, d) is the genus-^ degree-d GW-invariant of Y . If y is a quintic threefold, we denote 



this invariant by Ng{d). 

Let 

Trf. iig (P" ,d) ^Tlg (P" , d) and ev^ : ilg (P" , d) — > P" 

be the semi-universal family and the natural evaluation map. In other words, the fiber of vr^ over 
[C, u] is the curve C, while 

ev^{[C,u;z]) =u{z) if zeC. 

We define a section Sg of the sheaf TTg^eVg*£ — >Tlg{F'^,d) by 



sil\c,u\) = \S OU\. 



If y = s ^(0), dJlg{Y, d) is the zero set of this section. 

If a = 5, it has long been know that 

No{d) = (e(4,ev^*£), po(P^d)]). (1.1) 

The moduli space 9}To(P^,c?) is a smooth orbivariety and 

4,ev^*£^Mo(P^d) (1.2) 

is a locally free sheaf, i.e. a vector bundle. Furthermore, 

dime Mo(P^, d)=5d+l and rkc TT^^ev'^*£, = 5d + l. 

Thus, the right-hand side of (|1.1() is well-defined. It can be computed via the classical localization 
theorem of |ABoj . The complexity of this computation increases quickly with the degree d, but a 
closed formula has been obtained in jBerj , |Gaj , [Uij , ^e] , and |LLYj . 

If 5f > 0, the sheaf 7r^^eVg*£ — > Tlg{¥^,d) is not locally free and does not define an euler class. 
Thus, the right-hand side of Hl.l|) does not even make sense if is replaced by ^f > 0. Instead one 
might try to generalize (|1.H) as 

Ng{d) = (e(i?°<evf £ - ijivr^^.evf £), [Mg{W\d)Y''), (1.3) 

where i?*7r^^ev^*i2 — >dJlg(F^,d) is the ith direct image sheaf. The right-hand side of (|1.3|) can be 
computed via the virtual localization theorem of {GrPlj . However, 

m{d) / (e(i?V*evf £-i?Vf,evf £), pl(P^d)]"^>, 
according to a low-degree check of |(TrP2j and JKJ. 

Let 

Tfg (P^ , d) = { [C, u] G Mg (P^ d) : C is smooth} . 

We denote by ml°(P^ d) the closure of 971° (P^, d) in mg{F^,d). U g>0, ^(P^ d) is one of the 
many irreducible components of the moduli space 9Jtg(P^,d). 



Theorem 1.1 If d is a positive integer, £ = 7*®^ — >P^, 

7rf:Ul(P^d) — >M?(P^d) and evf:Ul(P^d) — >¥^ 

are the semi-universal family and the natural evaluation map, respectively, then the euler class of 
the sheaf 

ntevt£^Tf,{F\d) 

is well-defined. Furthermore, 

Ni{d) = ^Noid) + <e(7rf,evf £), [M?(P^d)]>. (1.4) 



The moduli space dJli{¥ ,d) is not a smooth orbifold. Nevertheless, it determines a fundamental 
class in ifiod(9Jl;^(P'*, d); Q), as its singularities are fairly simple. The sheaf 



<evf£^M^(P^d) (1.5) 

is not locally free. Nevertheless, its euler class is well-defined. In other words, the euler class of 
every desingularization of this sheaf is the same, in the sense described in Subsection ?? of jZ5j . 
The last expression in (|1.4)) can be computed via the classical localization theorem. Of course, the 
singularities of the space Tli{F'^,d) cause additional complications. However, since these singu- 
larities can be understood, these complications can be handled. A desingularization of 9Jl^(P'^,d), 
i.e. a smooth orbifold dJli{F'^,d) and a map 

^:^?(p^d) ^M'i'(p^d), 

which is biholomorphic onto 0Jt5(P^, d), is constructed in |VZj . This desingularization of 971]^ (P^, d) 
comes with a desingularization of the sheaf ()1.5|) . i.e. a vector bundle 

V — > SaI?(P^ d) s.t. n^V = ^f.evf £. 

In particular, 

(e«evf £), [M?(P^d)]> = (e(V), [^?(P^d)]>. 

The localization theorem of |ABoj is directly applicable to the right-hand side of this equality. 

Using Theorem II . II and the desingularization constructed in !VZ', we have computed the numbers 
A^i {d) for d= 1, 2, 3, 4. The results agree with those predicted in ;BCOV] : see Subsection ?? in [LZj 
for more details. 

From the point of view of symplectic topology as described in |FuOj and |LTj . the numbers Ng{d) 
can be interpreted as the euler class of a vector bundle, albeit of an infinite-rank vector bundle over 
a space of the "same" dimension. As in the finite-dimensional case, this euler class is the number 
of zeros, counted with appropriate multiplicities, of a transverse (multivalued, admissible) section. 



In brief, we prove Theorem 11.11 bv slightly perturbing the complex structure Jq on P^, then ex- 
pressing each of the three terms appearing in H1.4|) as the number of zeros of a transverse section 
of a vector bundle and comparing the results for the two sides of (\1A^ . There are a vector bundle 
^ — >X, possibly of infinite rank, and a section 93 of 5^ associated to each of three terms. The zero 
set of (f is easy to describe. However, (p is not transverse to the zero set. We determine the number 
Czi^) of zeros of 93+e, for a small generic multisection e, that lie near each stratum Z of 99^^(0). 
These numbers in turn determine the contribution of each J-holomorphic curve in Y to the three 
numbers in (|1.4() . We will see that every such curve contributes equally to the two sides of ()1.4|) . 

Theorem 11.11 follows immediately from Propositions ll.3lll.5l and separately from Propositions 12. ll 
12.31 The first three propositions are easier to state and can be deduced from the last three propo- 
sitions. While the statements of Propositions 12 . lll2 . 31 are more technical, they are easier to prove. 

1.2 Rigidity Properties 

Throughout the rest of the paper, Y will denote a quintic threefold in P^. If J is an almost complex 
structure on Y, (S,j) is a Riemann surface, and u: S — >Y is a J-holomorphic map, let 

Dj,„: r(S;u*rF) — > T{T,;A]'^.T*T,(8)u*TY) 

be the linearization of 9j-operator at u; see Subsection 12. II 

Definition 1.2 An almost complex structure J onY satisfies the genus-g rigidity property 
if for every smooth connected genus-g Riemann surface (S, j) and nonconstant J-holomorphic map 
u: S — >Y 

(Jy^) u{T?) is a smooth curve; 

(JyV kerI?j,„cr(S;u*Tn(S)). 

If J satisfies the genus-f^ rigidity property, all genus-5 J-holomorphic curves in Y are smooth and 
isolated. We denote by JiX) the space of all C^-smooth almost complex structures on Y , with 
the C^-topology, and by J^-^JY) C J{Y) the subspace of almost complex structures that satisfy 
the genus-(7 rigidity property. 

Rigidity Conjecture For all g and all Calabi-Yau threefolds Y , J^-{Y) is dense in J{Y). 

Rigidity Assumption If 1" is a quintic threefold, the closure of J^^jY)r\J^ (Y) in J{Y) con- 
tains Jq. 

We note that J^:^ (Y) is open in JiY). Thus, the 5 = 0, 1 cases of the Rigidity Conjecture imply 
our Rigidity Assumption. 

Since the expected dimension of the moduli space 'HfRgiY, d; J) of genus-(7 degree-d J-holomorphic 
maps into Y is zero, it is easy to show that the property (Jyl) of Definition 11.21 is satisfied by a 
generic almost complex structure J. However, despite years of attempts, this has not been shown 
to be the case for (Jy2), even for g = 0. Nevertheless, this is believed to be case, though with some 
hesitation for g above 2 or 3. 



For each J ^J{Y), let S^iY; J) be the set of J-holomorphic genus-(7 degree-d (simple) curves in Y . 
If J G J^:^„{Y)-, this set is finite. By Propositions 11.31 and [T711 below, the number of elements in 
Sg{Y; J), counted with appropriate signs, is independent of J ^J^-{Y) for g = {),l. We denote this 
number by ng{d). 



Proposition 1.3 For all d^I/^ , 



Proposition 1.4 For all d^I/^ , 



w-E^^^ 



a\d 



1 Y^ nQ{d/a) -sr-^ ni[d/a) 
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12^ a ^ CF 

a\d u\d 



Proposition 1.5 If d, £, irf, and evf are as in the statement of Theorem M.R then 
(e«evf £), [M;(P^d)]> = 1 j;^no(rf/a) + j; "^(^/") 



-Id aid 



We do not prove these three propositions as stated, since this is not necessary for the proof of 
Theorem ll.il Instead, we prove the less elegant and more notationally involved Propositions l2. 112.31 
that also imply Theorem ll.il Propositions 11.31 11.41 and 11.51 can be derived from Propositions 12 . ll 
12.21 and 12.31 respectively; see the end of Subsection 12.21 

2 Preliminaries 

2.1 Review of Key Definitions 

In this subsection, we give geometric definitions of the three terms that appear in (|1.4|) . The con- 
struction of the Gromov-Witten invariants described below is a slight variation on that of [I'YiUj 
and jLT , but it is easy to see the only difference is in the presentation. Below we use the term 
multisection, or multivalued section, of a vector orbi-bundle as defined in Section 3 of |RiOj . 

If X is a smooth submanifold of P", we denote by Xg{X,d) the space of equivalence classes of 
stable degree-d smooth maps from genus-^f Riemann surfaces to X. Let X^{X,d) be the subset 
of Xg{X,d) consisting of stable maps with smooth domains. The spaces Xg{X,d) are topologized 
using L^-convergence on compact subsets of smooth points of the domain and certain convergence 
requirements near the nodes. Here and throughout the rest of the paper, p denotes a real number 
greater than two. The spaces Xg{X,d) can be stratified by the smooth infinite-dimensional orb- 
ifolds Xt{X) of stable maps from domains of the same geometric type. The closure of the main 
stratum, X.^{X,d), is Xg{X,d). 

If J is an almost complex structure on P", let 

r^g'HX,d;J)-^Xg{X,d) 



be the bundle of iTX, J)-valued (0, l)-forms. In other words, the fiber of Tg {X, d; J) over a point 

[b] = [S, j; u] in Xg{X, d) is the space 

r°'^(X,d; J)|j^j =r°'^(6;rX; J)/Aut(6), where r^'^{b;TX; J) = r(S; A°;jT*S(g)n*rX). 

Here j is the complex structure on S, the domain of the smooth map u. The bundle A j ■T*Y,<^u*TX 
over S consists of (J, j)-antilinear homomorphisms: 

A°;]r*SOti*rX = {aeRom{TT,,u*TX): aoj = -Joa}. 

The total space of the bundle Tg' {TX,d; J) — >Xg{X,d) is topologized using L^-convergence on 
compact subsets of smooth points of the domain and certain convergence requirements near the 
nodes. The restriction of Tg' (TX,d; J) to each stratum Xq-iX) is a smooth vector orbibundle of 
infinite rank. 

We define a continuous section of the bundle Tg {TX, d; J) — >Xg{X, d) by 

dj{[T.,j;u\) = -{du + Joduoj). 

By definition, the zero set of this section is the moduli space Tlg{X,d; J) of equivalence classes 
of stable J-holomorphic degree-d maps from genus-gf curves into X. The restriction of dj to each 
stratum of 3ig{X, d) is smooth. For each element [b] = [S, j, u] of Xg{X, d), we put 

^j,6? = ^(v''? + '^°v^eoj) + i(vf j)ocit,oj ifeGr(6;rx)=r(S;n*rx), 

where V"'^ denotes the Levi-Civita connection of a J-compatible metric on X. The linear operator 
Dji, describes the restriction of a linearization of dj at [b] to a finite-codimensional subspace of 
the tangent bundle of the stratum Xt{X) of Xg{X,d) containing [b]. 

The section dj : X.g{X, d) — >Tg' [X, d; J) is Fredholm, i.e. its linearization at every point of dJ (0) 
has finite-dimensional kernel and cokernel. The index of dj at a point of X^{X,d) is the expected 
dimension of the moduli space dJlg{X, d; J), li X = Y, this expected dimension is 0. By definition. 



Ng{d) = ^\{dj+e}-\0)\, (2.1) 

where e is a small multivalued perturbation such that dj+e is transverse to the zero set along each 
stratum Xt{Y) ofXg{Y,d) and 

^\{dj+e}-\0)\ 

is the number of elements in the finite set {dj+e}^^{0), counted with appropriate multiplicities. 
By the transversality condition, 

{dj+er\0)cX^g{Y,d). 

The smallness condition implies in particular that the set {(9j + e}^^(0) is close to Bj (0). Since 
the set Bj (0) is compact, it follows that the set {dj+e}~^{0) is also compact. Let A'^{dj) denote 
the set of all perturbations e of Bj that satisfy the two conditions above. Such perturbations will 
be called 5j-admissible. Below we will refer to the number in (|2.1|) as the euler class of the tuple 



V^{d;J) ^ {Xg{Y,d),T^g'\Y,d;J),7T;dj,Apj)). 



This euler class depends on the Fredholm homotopy class of the section dj . 

We now describe the last term in (|1.4|) in a similar way. If £ — > P is as in Theorem 11.11 let 
Tg{S,,d) — ^•Xg(P^,d) be the cone such that the fiber of Tg{2;,d) over [b] = \Ti,j;u] in Xg(P^,(i) is 
the Banach space 

rg(£,(i)|j^j =r(6;£)/Aut(6), where r(6;£) = L?(S;u*£), 

and the topology on Tg{2,,d) in defined analogously to the topology on rg(P^,d). Let V denote 
the hermitian connection in the line bundle £ — > P^ induced from the standard connection on the 
tautological line bundle over P^. If (S,j) is a Riemann surface and u: S — >¥ is a smooth map, 
let 

V" : r(S; u*^) — > r(S; T*i:®u*^) 

be the pull-back of V by u. If b={T,,j;u), we define the corresponding 9-operator by 

av,6:r(S;tx*£)^r(S;A°;^r*S®«*£), Sv.^C = ^ (V"C + iV"? o j) , (2.2) 

where i is the complex multiplication in the bundle n*£. Let 

V^={[b,^]Grg{£,d): [b]eXg{F\d), eGkerav,6Crg(6;£)} crg,fc(£,d). 
The cone Vg — >Xg^k(F^,d) inherits its topology from Tg{£,,d). 

Let 97t;^(P^, d; J) c9Jli(P^, d; J) denote the closed subset containing the set 

aJl?(P^d; J) = {[C,u]GMl(P^d;J):Cissmooth}, 

which is defined in |Z4j . If the almost complex structure J is sufficiently close to Jq, Tli{F'^, d; J) is 
the closure of 9Jt5(P^, d; J) in Tli{F'^, d; J). Furthermore, in such a case, 97^5 (P^, d; J) is a smooth 
orbifold of dimension lOd, while 59Jl]^(P^,d; J) is a finite union of smooth orbifolds of dimension 
at most lOd— 2. On the other hand, Vf |f)jj0(p4 ^^.n is a complex vector orbibundle of rank 5d. The 
last term in 1)1.41) is the number of zeros, counted with appropriate multiplicities, of any continuous 
multisection if of the cone Vf over dJli{F^ , d; J) such that ip~^{0) is contained in dJli{F^ , d; J) 
and ^\<j}fn>i^d;j) is smooth and transverse to the zero set; see Subsections ?? and ?? in Z5]. 
Proposition ?? in jZS , guarantees that a section </? satisfying the two conditions exists. In our case, 
it is more convenient to think of if as sf+e, where e is a multivalued perturbation of sf. We denote 
by Af{s; J) the set of all perturbations e of sf such that sf+e satisfies the two conditions above. 
Such perturbations e will be called sf-admissible. Let 

Vf{s;J) ^ p?(P^d; J),Vf,7r;sf,^f(s)). 
This tuple will be the focus of Section^ 

Remark: Since y is a semi-positive symplectic manifold, one can define the numbers Ng{d) without 
using the infinite-rank orbibundles Tg {Y,d;J); see {RT] . However, there would be no effect on 
the proofs of Propositions 11.311.51 and r2.1B2. 31 and the construction described above appears more 
natural in the present context, even though it involves more complicated objects. 



2.2 Components of the Proof 

We now set up additional notation that allows us to state more notationally involved, but also 
easier-to-prove, versions of Propositions 11.311.51 



By Theorems ?? and ?? in |Z4j . there exists 6{d) € M with the property that if J is an almost 
complex structure on P^ such that ||J— Jollci ^^{d), then J is genus-one df-regular in the sense of 
Definition ?? in jZ4j . This regularity condition implies that the moduli spaces dJlQ^k(^^d;J) and 
S!Jti^fc(P'^, d; J) have the same stratification structure as the moduli spaces 

Mo,fc(P^ d) = Mo,fc(P^ d; Jo) and Ml,fc(P^ d) = Ml,fc(P^ d; Jo), 

respectively. In addition, by Theorem ?? in |Z5j . 6{d) gM^ can be chosen so that the euler class of 
the cone 

Vf — ^^?(P^d;J) 

is well-defined and 

(e(Vf), [Tf,{F\d;J)]) = (e(Vf), p?(P^rf)]), (2.3) 

if ||J-Jo||ci<'^(rf)- 

If J is an almost complex structure on P^ and P,m] G9Jli(P^,d; J), we put 

sf{[j:,u]) = [sou]eriii,d)\^^^^y 

If J is Vs-equivalent to Jq, i.e. 

Vs o Jo = Vs o J G r(P^; Homffi(TP^, £)) , 
then sf([S,u]) G vf |[s,u]. Thus, in such a case, we obtain a continuous section of the cone 

Vf ^M?(P^d;J), 
which restricts to a smooth section over each stratum of 9Jt]^(P'^, d; J). Note that 

{siyo^^,,,.j^y\o) = Tf,{Y,d-,J) = Tf,{¥\d-,J)nmiY,d-,J). (2.4) 



Since the (V, Jo)-holomorphic section s of Subsection 11.11 is transverse to the zero set in £, the 
(i, Jq) -linear map 

Vs: TF"^ — > £ 

does not vanish along Y = s~^{0). Let Ug be a small neighborhood of y in P'* such that Vs does not 
vanish over Us- The kernel of Vs over Us is then a rank-three complex subbundle of (TP^, Jo)|f/^, 
which restricts to TY along Y. We denote this subbundle by TY. If J is an almost complex 
structure on P"^ such that 

(Jl) J=Jo onP^-f/,; 

(J2) J{fY) = fY and J = Jq on T¥%jfY, 
then Jo and J are Vs-equivalent. Thus, every almost complex structure Jy on Y extends to an 





(1,0) 
Figure 1: Domain of a Typical Element of WIi{k, d) 

almost complex structure J on W^ which is Vs-equivalent to Jq. Furthermore, such an extension 
can be chosen so that 

ll-^ ~ -^ollci ^ 2|| Jy - JolTy||(^i- (2.5) 

We denote by Jng{s) the set of almost complex structures J on P^ such that J is Vs-equivalent to 
Jo and Jy = J\ty is an element of J^:^ {X)^J}iJY) . By the above and the Rigidity Assumption in 
Subsection ll.2( the C^-closure of J7'rig(s) in J{V^) contains Jq. 

From now on, we assume that Jg Jv\g{s) is an almost complex structure on P^ sufficiently close 
to Jq. For ^( = 0, 1, we put 

oo 

S''g{Y-J)=S^g{Y-JY) VdeZ+ and Sg{Y-J) = []S''g{Y-J). 

d=l 

If K E Sg(Y; J), let d^ denote the degree of k in P^. If k G Sq{Y; J) and g is a positive integer, 
let 9Jlj'(«:, d) be the subset of Tli{K,d) consisting of stable maps [C,u] such that C is an elliptic 
curve E with q rational components attached directly to E and uj^; is constant. Figure ^ shows 
the domain of a typical element of OJtf (k, d), from the points of view of symplectic topology and of 
algebraic geometry. In the first diagram, each shaded disc represents a sphere; the integer next to 
each rational component Cj indicates the degree of u\ci- In the second diagram, the components of 
C are represented by curves, and the pair of integers next to each component Ci shows the genus 
of Ci and the degree oi u\ci- For stability reasons, the restriction of u to each rational component 
must be non-constant. We denote by TIi{k, d) the closure of TII{k, d) in TIi{k, d). Note that 

— a, ^ 1 2(i, ifQ = 0; , , 

dime 9Jt? K, d = < ^ ' 2.6 

liq^Z^, Tli{K,d) is a smooth orbi- variety. In contrast, 9JI^(k;, d) is a singular orbivariety, if (i>2; 
its structure is described in Subsection 14.21 

For each q £ Z+, let [q] = {1, . . . ,q}. If d = (di, . . . ,dq) is a g-tuple of positive integers and 
k£So{Y; J), we put 

i=q 

mo{K,d) = {{bl,...,bg)ellmo,l{K,d,)■.evo{b^) = evo{b,)yi,je[q]}, (2.7) 
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p 

D 



^^_^^ 'J 

Figure 2: The Decomposition p.9|) for 9Jti(K, d) 
where evo : 9JIo,i(k, dj) — >k is the evaluation map corresponding to the marked point. Let 

d,>o,Y:d^=d 

The spaces SIJlo(«^)t^) are smooth or bi- varieties. We note that 

dimcMl{K,d) =2d+l-2q. (2.8) 

By definition, 

mliK,d) = {Ml,gXmUK,d))/Sg, (2.9) 

where Ali,g is the moduh space of genus-one curves with q marked points and Sg is the gth 
symmetric group. The sphtting (|2.9|) is illustrated in Figure[2l In this figure, we represent an entire 
space of stable maps by the domain of a typical element of the space. We shade the components 
of the domain on which the maps are non-constant. The vertical bar in the last diagram indicates 
that the three marked points are mapped to the same point in k, as specified by 1)2. 7() . Let 

7rp,TTB:Mi,qXml{K,d) — >Mi,g,ml{K,d) 

be the projection maps. 

For each K€5o(i^; J), we denote by A^yK the normal bundle of K in y. liq£Z'^ and [^] = ([&i])jeu 
is an element of TlQ{K,d), let 

T{b;TY) = {^=i^,),^[g^e^r{bf,TY): Uyo{bi))=Cj{yo{bj)) yi,j e[q]}, 

ie[q] 

where yo(^i) is the marked point of the component map bi. Since Jy € •JfiAY), by the Index 
Theorem the cokernel Hj{b;TY) of the operator 

T{b;TY)^T^'\b;TY;J)^^r''\bf,TY;J), I?j,6 ((?.)«€[,])= PjA^i).eM> (2-10) 

ie[q] 

is a vector space of dimension 2d— 2. It is naturally isomorphic to the cokernel Hj{b; Nyn) of the 
operator 

r(6;iVyK) ^rO'i(6;iVyK; J), DJ^,{{i,).,^^g^ = {DJ^tA^m^ 
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induced by the operator Djb. These cokernels induce a vector orbibundle over 9JIq(k, d), which 
win be denoted by W^'^. If q = l, this bundle is the pullback by the forgetful map 

n:ml{K,d) = mo,i{K,d) — >mo{K,d) 
of the vector bundle defined in a similar way. We denote this last vector bundle by W^ ^. We have 

rk>V°'^ = 2d-2 VgGZ+ and rk>V°rf = 2(i-2. (2.11) 



From the decomposition (|2.9|) . we see that the cokernel bundle for the operators Dj^i, over TIi{k, d), 
for g€Z"^, is given by 

will « {7r*pE*m%ev*,TY 7r%wl%)/S„ (2.12) 

where E — ^-A^i.ij is the Hodge line bundle and 

evo : 97^0 (k, d) — > k 

is the natural evaluation map, corresponding to the marked point common to all factors. We 
note that 

TkWl'} = 2d + l. (2.13) 

On the other hand, similarly to the genus-zero case, the cokernel Hj{b;TY) of the operator Dj}, 
for 

6G9Jl?(K,(i) cmi{K,d) 

is naturally isomorphic to the cokernel Hj{b; Nyk) of the operator Dj-f^ induced by Dji,. The 
cokernels Hj{b; Nyk) have the expected rank for all 6g dJli{K,d) and thus form a vector bundle 



over M^(k, d), which we denote by W^'^^. We have 

rk>V^J = 2(i and (2.14) 

<'^k(.,.)nM?(.,.) - (-pE*®vr|,evSiVy« vr|,W°;^)/5, V,EZ+. (2.15) 

We are now ready to reformulate Propositions ll.3lll.5l 

Proposition 2.1 If d and £ are as in Theorem, \1.1\ s G H^{F^;£,) is a transverse section, and 
Y = s~^{0), there exists 5 {d)€M.~^ with the following property. If J&Jr\g{s) and || J — Jo||(7i <i5((i), 
then 

No{d)= Yl {^(Kd/dJ^Woi'^^d/d^)])^ 

KeSoiY;J) 

where W^^/^ — >9JIo(k, d/c^K) is the cokernel bundle corresponding to the almost complex struc- 
ture J, as above. 
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Proposition 2.2 // d, £, s, and Y are as in Proposition \2.1\. there exists 5{d) € M^ with the 
following property. // J€i7rog(s) and \\J —Jo\\(j^<5{d), then 

K,eSi{Y;J) 

+ E {{<K%j'm'i^^d/d^)])+^{<K^M^mo{^^d/d^)]: 

K£So{Y;J) 

where W^^,^ — >dJlo{K,d/df^) andW^'^,^ — >Tli{K,d/di^) are the cokernel bundles corresponding 
to the almost complex structure J, as above. 

Proposition 2.3 If d, SI, s, and Y are as in Proposition V2.1\ and Vf — > Xi{¥ ,d) is the cone 
corresponding to the line bundle £ — > P^ with its standard connection, there exists 6{d) G M^ with 
the following properties. If \\J—Jo\\c^ <<J(d), then the moduli space dJli{F^,d; J) carries a rational 
fundamental class of dimension Wd, the euler class of the cone 

vf — ^M?(P^d;J) 
is a well-defined element of H^^'^{Tfi{F'^,d; J);Q), and 

{e{Vf), [Tf,{F\d-J)]) = (e(Vf), [ml?(P^d)]>. 
If in addition J£Jregis), 

<e(Vf),p;(P^d;J)]>= Yl ^|9?^?(N<iR)| 

KeSi(Y;J) 

KG5o(y;J) 

where W^^f^ — >dJlo{K,d/dK) andW^^,^ — s-9}t]^(K, d/d^) are as in Provosition \2.^A 

In the last two propositions, the moduh space consists dJli{K,d/df^), for k£Si{Y; J), contains only 
one element: the equivalence class of the degree-d/d^ cover of the elliptic curve n by an elliptic 
curve. Since the order of the automorphism group of such a cover is d/d,^, 

±|9Jl?(NdR)|=± ^ 



d/d^ 

The sign is determined by viewing the zero-dimensional suborbifold yR\{K,,d/dt^) of Xi(y, d) as a 
transverse zero of the section dj. This sign is the same as the sign of k as an element of the set 
<Sf"(y; J). In particular, 



niid/jj) 
a 



Y ^|9Jt?(K,dR)|=5:^^i^, (2.16) 

KG5i(y;J) a\d 



where ni(-) is as in Subsection 11.21 
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If kGSo{Y; J), the orientations of the vector bundles 

Kd/d.. ^^o(«, d/4) and W^J/,^ ^^(k, d/d,) 

are determined by the hnearizations of the sections dj over Xq {Y, d) and Xi {Y, d) . According 
to |IPj . by a spectral- flow argument it can be shown that 



(e(WO J, [mo{K,a)]) = ±(e(i?i<,ev^*(a(-l)ea(-l))), [9?lo(^, ^)] >, (2.17) 

(e(>Vi;0), [^(K,a)]> = ±(e(i?i<,evr(a(-l)ea(-l))), P?(^,ct)]>, (2.18) 

where a = d/di^ and the sign agrees with the sign of k as an element of S^'^iY;.]). By localization, 

(e(i?i<,ev^*(a(-l)ea(-l))), Po(k,ct)]> = ^; (2.19) 

see Section 27.5 of 0. Using the desingularization of OJt]^(K, o") constructed in |VZj . it should be 
possible to show that 

(e(i?V^,evr(a(-l)ea(-l))),[M?(^,a)]> = l^. (2.20) 

Propositions OO follow from Propositions 12. Il2.;-il via ^T^-^T^. 

Since Theorem 11.11 follows immediately from Propositions 12. lll2. 31 we do not need to deduce Propo- 
sitions 11.3111.51 from Propositions 12.1112.31 We prove Propositions 12.21 and 12.31 in Sections |21 and [IJ 
respectively; see also Propositions 12.51 and 12.61 The proof of Proposition 12.11 is very similar to the 
proof of Proposition 12.21 but simpler, and we omit it. 

2.3 Summary of the Proof of Proposition [2121 

A key notion in our argument, which is also used in the proof of Proposition 12. 3( is Definition 12.41 
below. For its purposes, we will call either of the two tuples Vg{d; J) and Vf(s; J), defined in Sub- 
section 123 a generalized vector bundle. The first tuple involves an infinite-rank bundle over 
an infinite-dimensional space; the second one involves finite-dimensional objects, albeit non-smooth 
ones. Nevertheless, both are generalizations of a rank-n vector bundle ^ over an n-dimensional 
complex compact manifold X, with a choice of a section ip and of an appropriate subset A{(p) of 
T{X;^) of second category. Such a collection of data can also be considered to be a generalized 
vector bundle. 

Definition 2.4 Suppose V= (X, 5^, vr; c^,^(c/3)) is a generalized vector bundle. Subset Z ofip^^{0) 
is a regular set for V if there exists Cz{V) eQ and a dense open subset Az{ip) of A{ip) with 
the following properties. For every i^dAzif), 

(a) there exists ejy€M+ such that tuGA{ip) for all tG{0,e^); 

(b) there exist a compact subset Ky<zZ, open neighborhood \Jy(K) of K in X for each 
compact subset KdZ, and eiy(t/) G (0, e,y) for each open subset U of X such that 

^\{ip+tu}-^nU\=Cz{V) if tG(0,e^(C/)) and K^cK CU cUy{K). 
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Every connected component of ip~^{0) is regular. However, a regular subset of 93"^ (0) need not 
be closed. For example, if 93 is a holomorphic section of a rank-fc algebraic vector bundle ^ over 
a /c-dimensional compact algebraic variety X, every Zariski open subset of ip~^{0) is regular. The 
sections Bj and sf that play a central role in this paper are in a sense generalized holomorphic 
sections. 

If 2^ is a regular set for the generalized vector bundle V, we will call the number Cz{V) the 
93-contribution of Z to the euler class of V. Note that if ip~^ (0) = Ui^j Zi is a partition 
of ip~^{0) into regular sets, the euler class of V, or its Poincare dual, is the sum of c/p-contributions: 

e{V) = Y,CzM- (2.21) 

We prove Theorem 11.11 by expressing each of the three terms appearing in (|1.4jl in the form (|2.21|) 
and show that we end up with the same terms on the two sides of (|1.4() . 

If d, s, and Y are as in the previous subsection and JGJrig{s), 

Mi(y,d;J)= y Mi(NdR) U y aJT?(K,d/4). (2.22) 

KGSo(y;J) k.gSi{Y;J) 

For any KeSo{Y; J), ctGZ+, and subset g of Z+ = Z+U{0}, let 

Tll{K,a) = f]ml{K,a)- [jml{K,a). 

Proposition 2.5 If d, £, s, andV are as in Provosition \2. IV J(^J'j-ig{s) is sufficiently close to Jq, 
and kgSi{Y; J), then 

IfKeSo{Y;J), _ 



Proposition 2.6 If d, £, s, Y, and J are as in Proposition \2. .51 hi^Sq{Y;J), and g is a subset 
Z+ different from {0}, then 



One consequence of Propositions 12.51 and 12.61 is that most boundary strata of the moduli space 
9Jli(y, d; J) do not contribute to the number Ni{d). In fact, we will show that only the strata 
9Jl?(y, d; k) and Tl\{Y, d; k) contribute to the number Ni{d). 

We now outline the proofs of Propositions 12.51 and 12.61 Let 

l/G^(Xl(P",d);^°•^(P^d;J)) 
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be a small generic multisection such that 



V 



Gr(x,;r?'^(y,d;j)) 



for a small neighborhood Xg of 9Jti(y, d; J) in j£i(P'^, d) and vanishes outside of Us- By definition, 
Ni{d) is the number of elements exp„,^G jCi(P^,d) such that {u,S.) solves the system 

fajexp„e + Kexp„O = 0; uemi(F\d;J), ^ G T.^i (P^ d) . (2.23) 

[soexp„^ = 0; 

Note that 

9v,exp„?sf (exp„0 = 

if (n,,^) solves the first equation, due to our assumptions on v. If u G 9715 (P^ , d; J) and v is sufficiently 
small, the first equation has a unique small solution S,u{u) in T^{u), the orthogonal complement of 
rt(9Jli(P^, d; J) in TuXi(P'*, d). Plugging this solution into the second equation, we obtain 

= s o exp„ ^^ = sfiu) + 7r^y^^(n) G Vf, (2.24) 

where vr-^y is the projection map TP'* — >TF^/TY, defined on a neighborhood of Y in P^. Since 
all solutions of the system (|2.23|) are transverse, so are the solutions of 1)2. 24() . Thus, the zeros of 
a generic perturbation v of the section dj that lie close to dJ]^{Y, d; J) correspond to the zeros of 
a perturbation of the section sf that lie close to ^\{Y, d; J). In Subsection 13.21 we show that the 
number of these zeros that lie near each component T]^{K,d/dK) of T]^(Y,d; J) is the euler class 
of the bundle W^'^,^ over 971^ (k, d/d^). 

We next look for solutions near 9Jlj {Y,d]J)., i.e. we assume that uG9JI| (y, d; J). Note that 

m\{Y,d;J) « ATi,i xMo,i(y,d; J). (2.25) 

We denote the projection maps onto A1i,i and 97lo,i(y, (i; J) by ttp and vr^, respectively. Let 

^B ■■ "^liY, d; J) — > mo{Y, d; J) 

be the composition of ttb with the forgetful map dJlo,iiY, d; J) — > Tlo{Y,d;J). The bundle 
TXi{Y,d) contains the line subbundle C = TTpLp^i<Snr'%LQ, where 

Lp,i — > Mi^i and Lq — >Mo,i{Y,d; J) 

are the universal tangent line bundles at the marked points. If uGdJl\{Y,d; J) and vgCu is small, 
we denote by «„ the element exp„i; of Xi{Y,d). Let 

evp:ml(Y,d;J) — >Y 

be the composition of ttb with the evaluation map at the marked point. This map sends an element 
[C, u] of Tli{Y, d; J) to the value of u on the principal component of C. 

In this case, we work with the analogue of 1)2. 23() intrinsic to Y, i.e. we look for solutions of the 
equation 

djexp^J + u{exp^J) = uem\'\Y,d;J), Cer{v;TY)^r{u:TY). (2.26) 
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This equation usually does not have a small solution in ^ for a fixed Uy , as there is an obstruction 
bundle 

T°_l^{u; TY- J) = it%H^{u%TY) TT*pE* ^ev*pTY C r°'^(y, d; J), 

where ub is the restriction of u to the bubble components. Taking the projections (vrj ^©vrj p) and 

vr^' of (|2.26jl onto Fj (u;TY;J) and its complement T^ {u;TY;J) in T^' {Y,d;J), respectively, 
we obtain 

''7r°'^aexp„^^ + 7r^'V(exp„^^) = G T^^^{u;TY; J); 

7T':l^dexp,J + 7r°'\z.(exp„^0 = E ^^HHu^TY); (2.27) 

t7r°'V5exp„^e + 7r°'V(exp„^0 = G 7T*pE*®ev*pTY. 

If z^ and t; are sufficiently small, the first equation has a unique small solution S,u{u, v) in r+(n; TY). 
With appropriate choice of neighborhood charts and of the perturbation z^, S,u{u,v) depends only 
on Ub, and the system 1)2. 2 7() is equivalent to 

7r°'V<9exp„^e + T^-]pHeWuJ) = G TT*pE* 0eY*pTY C r°'\y, d; J), ub GZq, uS/:, (2.28) 

where Zq is the zero set of a section of the first component of the bundle r_' (■, TY) over 9Jto(l", d; J). 
In particular, ^ZQ\ = No{d). 

Equation (|2.28|) is equivalent to 

VuV + vr°'Vi/(n) = e TT*pE*®T^^p^^)Y, up G ^o, ^^ G -C, (2.29) 

where V^ G Hom(Loirevo(Ms)^)- The image of P^ in T^^^i^^^-^Y is precisely the tangent line at 
evo(uB) to the rational curve Imti^, as long as the differential of the map up does not vanish at 
the marked point. Thus, for each ub &Zq, the number of solutions of (|2.29|) is the number of times 
t:^ pv{u) lies in E*(8)Tev^(„)ImnB. We conclude that 

^anr>(y,d;J)(^i"'(^''^)) = E (c(vr>E*®ev|,Ty)c(7r|,E*®ev|,TImuB)"\ [vr^'(^B)]) 

ub&Zq 

= Y, {ci{E*){ci{TY)-ci{TImup)),[MiA]x[F']) 

ubGZq 

1 -^ ^, — , (2.30) 

= -^•(0-2)- Yl {d/d^)-^\Zonmo{K,d/d^)\ 

KeSoiY;J) 



K&So{Y;J) 

as claimed in Proposition 12.61 



E ^(«./.j,po(-,dR)]>, 



{0}, 



We analyze the contribution to the number A'^i (d) from the complement of 971 j (P , d; J) and 
d)l\ (P'*,d; J) in dJli{Y,d;J) in a similar way, but we encounter one of two key differences. If 
g = {0,l} and u€dJlf(Y,d;J), Vu = 0. Thus, equation (|2.29|) has no solutions near dJl'l{Y,d;J) ii v 
is generic. On the other hand, if g is any other subset of Z"*" containing and at least one other 
element, the analogue of the set Zq is empty for dimensional reasons. Thus, 

CmliYAJ)i'^i(9;J))=0 if {0}c^cZ+, 
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as claimed. 

The computation of the contribution from dJli{Y,d;J) to the number Ni{d) can also be carried 
out in Y, instead of P^. However, the presented version of the computation is meant to indicate 
why the cone Vf should enter into the Gromov-Witten theory of Y. 

We supply more details of the proof of Propositions 12.51 and l2.6l in Section|Sl In particular, in order 
to use the gluing and obstruction-bundle setup described in jZ2j . we stratify the moduli spaces 
that appear in the statements of Propositions 12.51 and 12 . 61 according to the bubble type, or the dual 
graph, of stable maps. The notion of contribution to the euler class used in this paper is a direct 
adaptation, to the orbifold and multisection setting of [l^uOj and |Ll'j . of the analogous notion used 
in |Zlj and |Z3j . However, in the present case, we can get by with far less detailed understanding 
of the behavior of the bundle sections involved. 

2.4 Notation: Genus-Zero Maps 

We now summarize our notation for bubble maps from genus-zero Riemann surfaces, with one 
marked point, and for related objects. For more details on the notation described below, the 
reader is referred to Sections in (Z2j . 

In general, moduli spaces of stable maps can stratified by the dual graph. However, in the present 
situation, it is more convenient to make use of linearly ordered sets: 

Definition 2.7 (1) A finite nonempty partially ordered set I is a linearly ordered set if for 
all ii,i2,h£l such that ii,i2<h, either ii< 12 or i2<ii. 

(2) A linearly ordered set I is a rooted tree if I has a unique minimal element, i.e. there exists 
Osl such that 0<i for all i^I. 

We use rooted trees to stratify the moduli space 9Jto,i(P^,(i; J) of degree-d J-holomorphic maps 
from genus-zero Riemann surfaces with one marked point to P"^. 

If / is a linearly ordered set, let I be the subset of the non-minimal elements of /. For every h^I, 
denote by ih^I the largest element of / which is smaller than /i, i.e. 

t/j = max jiG/ : i</i|. 

A genus-zero P'^-valued bubble map is a tuple b={I;x,u), where / is a rooted tree, and 

x:i — >C = S^-{oo} and u: I — >C'=^{S^;F'^) 

are maps such that Uh{oo) = Ui_^{xh) for all /iGl. Such a tuple describes a Riemann surface Sj, and 
a continuous map u;, : S;, — >P^. The irreducible components Sj, j of S^ are indexed by the set / 
and Ufelsf, J =Ui. The Riemann surface S;, carries a marked point, i.e. the point (0, 00) € S^ q, if is 
the minimal element of /. The general structure of genus-zero bubble maps is described by tuples 
T= (/; d), where d: I — >Z is a map specifying the degree of lifclsj^ -, if 6 is a bubble map of type T. 
We call such tuples bubble types. 
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Figure 3: Some Enhanced Linearly Ordered Sets 

If T is a bubble type as above, let UrCi^^'jJ) be the subset of OJto,i(P'^,d; J) consisting of stable 
maps [C,yi,u] such that 

[C,yi,u] = [(Sfo, (6,00)), life], 

for some bubble map b of type T. Subsection 2.5 of Z2 describes a space U^- {X; J) of balanced 
stable maps, not of equivalence classes of such maps, such that 

Ur{X;J) =uP{X;J)/kni{T)(x{Sy, 
for a natural action of Aut(T) on {S^) . This space is convenient to use in gluing constructions. 

2.5 Notation: Genus-One Maps 

We next set up analogous notation for genus-one stable maps; see Subsection ?? in |Z4j for more 
details. In this case, we also need to specify the structure of the principal component. Thus, we 
index the strata of 9ni(P^, d\ J) by enhanced linearly ordered sets: 

Definition 2.8 An enhanced linearly ordered set is a pair (/, K), where I is a linearly or- 
dered set, ^ is a subset of IqX Iq, and Iq is the subset of minimal elements of I, such that if 

\Io\>l, 

'^ = {ik,i2),ii2,i3),--- ,{in-i,in),iin,ii)} 

for some bijection i: {!,..., n} — >Iq. 

An enhanced linearly ordered set can be represented by an oriented connected graph. In Figure |31 
the dots denote the elements of /. The arrows outside the loop, if there are any, specify the partial 
ordering of the linearly ordered set /. In fact, every directed edge outside of the loop connects a 
non-minimal element h of I with l^. Inside of the loop, there is a directed edge from ii to 22 if and 
only if {ii,i2)^^- 

The subset ^^ of /q x Jq will be used to describe the structure of the principal curve of the domain 
of stable maps in a stratum of the moduli space 9Jli(P^,d; J). If ^^ = 0, and thus |/o| = !> the 
corresponding principal curve S^ is a smooth torus, with some complex structure. If N 7^ 0, the 
principal components form a circle of spheres: 

|_|{i}xS'^j / ~, where (ii, 00) ~ (^2,0) if {ii,i2)&'^- 
ielo 

A genus-one P^-valued bubble map is a tuple b= (/, H; S*, x,m), where 5 is a smooth Riemann 
surface of genus one if N = and the circle of spheres S^ otherwise. The objects x, u, and 
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hi /i2 





Figure 4: An Example of the Decomposition H2.31() 

(EfcjUfc) are as in the genus-zero case, except the sphere Sj^g is replaced by the genus-one curve 
^b,H = S. Furthermore, if K = 0, and thus /q = {0} is a single-element set, ng G C°°{S;F'^). In 
the genus-one case, the general structure of bubble maps is encoded by the tuples of the form 
T= (J, ^^; d). Similarly to the genus-zero case, we denote by Ur(J^^; J) the subset of 9Ki(P^, d; J) 
consisting of stable maps [C, u] such that [C, u] = [S^, Ub], for some bubble map b of type T as above. 



If T= (/, N; d) is a bubble type as above, let 

h = {heI:Lh(£lo}, 



% = {h,Io,'^;i'\hA\ 



hj 



and Aut*(T) = Aut(T)/{5G Aut(T): 5 • /i = /i V/iG/i}. 
where Iq is the subset of minimal elements of /. For each /lE/i, we put 

Ih = {i^I--h<i] and Th= {lh]d\i^). 
The tuple Tq describes bubble maps from genus-one Riemann surfaces with the marked points 



(2.31) 



indexed by the set Ii; see Subsection ?? in |Z4j . We have a natural isomorphism 



UT{¥\j)^{{{ho,{h 






V): 



evo(6/.) = ev,,(6o)V/iG/i})/Aut*(r). 



This decomposition is illustrated in Figure 01 In this figure, we represent an entire stratum of 
bubble maps by the domain of the stable maps in that stratum. The right-hand side of Figure 0] 
represents the subset of the cartesian product of the three spaces of bubble maps, corresponding 
to the three drawings, on which the appropriate evaluation maps agree pairwise, as indicated by 
the dotted lines and defined in (|2..Slj) . 

Let J^T — >U']-{F'^; J) be the bundle of gluing parameters, or of smoothings at the nodes. This 
orbi-bundle has the form 

for certain line orbi-bundles L^fi and L^^i. Similarly to the genus-zero case, 

Z^r(P^ J) = u!j^\f^; J)/AutiT)ociS^y, where 



U 



?i 



(2.32) 

;J) = {(6o,(6h)/.G/i)eZ^7[,(P';J)xn^g^(IP'^"^):evo(6;,) = ev,J6o) V/iG/i}. (2.33) 

heh 
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The line bundles Lhfl and Lh^i arise from the quotient H2.32() . and 

TT = ^T/Aut{T) oc {S^Y, where TT = P^T PhT , 

hei 

J-'itT — >lAj- {^'^', J) is the bundle of smoothings for the \J\f\ nodes of the circle of spheres S^ and 
J-hT — >Z//^ (P*^; J) is the line bundle of smoothings of the attaching node of the bubble indexed 
by h. 

Suppose T = {I,)X;d) is a bubble type such that dj = for all i G /qi i-e- every element in ^/7-(P^; J) 
is constant on the principal components. In this case, the decomposition (|2.31() is equivalent to 



(2.34) 



^/r(P^ J) ~ [UtM) X ^f (IP'; J)j/Aut*(T) 
C (aTi,,, xZ^^(P^J))/Aut*(T), 

where A;=|Ii| and 

Uf{¥^-J) = {(6/»)/»e/iG n^rjP'; J): evo(6/,J=evo(6;,J yhiM^h]- 

heh 

Similarly, ()2.32|1 is equivalent to 

uP (P^ J) « Uto (pt) X Z^l*^ (P^ J) C Mi^k X Z^l*^ (P^ J), where (2.35) 

Wf (P^ J) = {(&h)/.6/ie n4?(IP';«^): evo(&/.J = evo(&/.J V/ii, /12 G/i}. (2.36) 

We denote by 

ttp:Ut{F^; J) — > ATi,fc/Aut*(T) and vrp: Z^^°^(P^ J) — ^ ATi^fc 
the projections onto the first component in the decompositions (|2.34jl and (|2.35|) . Let 

evp : Ur{P^; J) , U!^'^ (P^ J) -^ P^ 

be the map sending each stable map (S, u) to its value on the principal component Sp of S, i.e the 
point u(T,p). 

If T= (/, N; d) is as in the previous paragraph, let 

5^T = Jf-/,(i)T — >u!f\¥'^;J), where /i(i) =min{/ie/: /i<i} G /i. 

iex(r) 

The subset xC^) of -^ indexes the first-level effective bubbles of every element of Uj- {¥^; J). For 
each element b={T,h,Ub) oiUj- {F^;J) and i^xi'^)-, let 

Vih= {dufelst^JL^oo G re^p(fe)P^, where 600 = (1,0,0) G T^oS^ . 
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The complex span of T>ib in Tg^^^^jP^ is the tangent line to the rational component S^^j at the node 
of Sfe j closest to a principal component of Sf,. If the branch corresponding to S^ j has a cusp at 
this node, then 2?j6 = 0. 

Let E — >9?li,fe denote the Hodge line bundle, i.e. the line bundle of holomorphic differentials. For 
each iex('^)) we define the bundle map 



■Dj,i : :Fh^^)T -^ 7T*pK* ® J evI^TF 
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overW^°^(p4;J) by 



{Pj,,(i})}(V)=Vx,(,)(fe)(^)-jA6Gr,,^(6)P" if ^Gvrl^E, v={b,v)e^hi^)'r, 6g<^(P^J), 

and X/i(j)(6) GSfe,H is the node joining the bubble S^ ;j(j) of b to the principal component Sf,^ of S^. 
For each v G .FT, we put 

p{v)={b;pi{v)).^^^^^e^T, where /9i(u)= JJ^;h E J^h(i)T, if 

r;=(6;z;x,K)^gl), 6 G ^/^^^ (P^ J) , {b,v^)£:F^T, {b,Vh)£ThT if heh, v^eCif iGl-h. 

These definitions are illustrated in Figure [5] on page 1381 While the bundle maps Dj^i and p do not 
necessarily descend to the vector bundle J^T over ^/7-(P^; J), the map 

Vr:TT — > 7rpE*®evJ,rP^/Aut*(T), Vr{v) = ^ Vj^ipi{v), 

is well-defined. 

Let V^ — >Z//-^ (F^; J) be the vector bundle such that the fiber of Vf over a point b= {Tii,,Uh) in 
Z^^ (F"^; J) is ker9v,6, where V is the standard connection in line bundle £ = 7**^^ over P^; see 
Subsection O as well as Subsection ?? in [75]. If 6= (Sfc,^^) gZ^^°^(P''; J), C = (Cft),,^/ G r(5;£), 
and i£x(S^)j let 

as in Subsection ?? in |Z5j . We next define the bundle map 



2)r : Vf(^dT — > TT*pE*(S)ev*p£, 



ovevUP{¥'^;J) by 



e G Vf Ife C r(6; £), u = (OOigxCr) e 5T|fe, and ^ G E^^(fe). 

The bundle map 1)j- induces a linear bundle map over ZY-r(P"; ^): 

S)r:Vf®5^T — .^|,E*«)ev|,£/Aut*(T), where ^T = ( ^J,Lp,;,(i)0<Lo)/Aut*(T), 

i&xiT) 
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Lp^h — ^9^i,fe is the universal tangent line bundle at the marked point Xh, Lq — yUq-'i^'^', J) is the 
universal tangent line bundle at the special marked point (i, oo) for any bubble type T' of rational 
stable maps, and 

is the projection map sending each bubble map 6= (S^, Ub) to its restriction to the component S^^j. 

Finally, if T is any bubble type, for genus-zero or genus-one maps, and i^ is a subset oiUT{F^', J), 
we denote by K^^' the preimage of K under the quotient projection map Uj- {¥^; J) — yUq-i^^', J)- 
All vector orbi-bundles we encounter will be assumed to be normed. Some will come with natural 
norms; for others, we implicitly choose a norm once and for all. If n^g: ^ — >X is a normed vector 
bundle and 6: X — s-R is any function, possibly constant, let 

ds = {ved- \v\<6{tt^{v))}. 

If Q is any subset of 5^, we take ri5 = r2 n 5<5- 

3 On Genus- One Gromov-Witten Invariants 

3.1 Setup 

In this section, we prove Propositions 12 . 5l and 12 . 6l We start by clarifying the setup described after 
Proposition 12.61 We also specify the open subsets of admissible perturbations of the 9j-operator 
to be used in proving Propositions 12.51 and 12.61 see Definition 12.41 

Let Us be the neighborhood of Y in P^ and TY the subbundle of TP |f/^ as in Subsection 12.21 
We set 

X, = { [S, i; u] G Xi (P^ d) : tx(S) C [/.} . 

Let v he a multisection of the bundle T^' (P^, d) such that 

(vl) for every open neighborhood U of 33ti(P'^, d; J) in Xi(P^, d), there exists e^iU) >0 

such that {dj+ti'}~^{0) is contained in U for all t£ (0, ey{U)); 
{v2) i/(6)Gr(S;A°;]r*S®u*ry)/Aut(6) if 6=[S,j,u]GX„ andz^(6) = 0if 60X,; 
(i^3) for some eu>Q and for all tE(0, Ci,), the multisection dj+tv does not vanish on 
Xi(y, d) — Xi{Y, d) and is transversal to the zero set in T^ {Y, d; J) along X5(l", d). 
The middle condition implies that d\/^u{sou} = if [S,j, li] G{dj+ti^}'^{0). It can be shown, by 
slightly modifying the proof of Corollary 13.111 that the finite-dimensional conditions (z^3a)-(z^3c) 
stated below imply (i^3). 

If zv is a section of the bundle T^' (P^; d) over Xi (P^, d) as in (ul) and (z^2) above, for all k G So{Y; J), 
we define a section of the bundle 

Ki/d. -^ ^1(^' d/d.) by Trljb) = Hb)], 

where [i^(6)] is the (0, l)-cohomology class of z^(6) and VV^'^,^ is as in Subsection 12.21 For each 
q e Z"*" , we define a section of the bundle 

^l^/d. = {7T*pE*m*Bev*oNYK e 7r%wl''^/J/S„ -^ M?(k, d/d.) (3.1) 

by KAb)=^nW(.b)], 
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where 

"k ■ ^^K,d/d^ ^^K,d/d^ 

is the projection map corresponding to the quotient of W^'^,^ by 7rpE*(8)7r^evQTK; see 1)2. 12|) . 
Finally, we define a section of the bundle 

^.,d/d. - ^i(-> d/d.) by ., J5) = I ^^^^^^^ ^^^^^^.^^^ 

see (|2.15() . This section is well-defined on Tl^ {K,,d/di^) n OTt^ ('^i'^/^k)- 

We denote by ^f(9, J) the space of multisections v as in (i/l) and {ul) such that for all K^S^iY] J): 
(j/3a) the section vrj^^ does not vanish on 9JI]^(k, d/dft)— 9?Ii(k, d/d^) and is transversal to 

the zero set on 9J15('^i'^/^k); 
(z^36) the section tTj',^ does not vanish on yRi{K,d/d^)] 

(z^3c) the section tt^^ does not vanish on 9JI;^(k, d/dK)— 9n];(K, d/dre) and is transversal to 
the zero set on 9JI];(k, d/d^)- 
By (|2.6|) . (|2.8() . (|2.13p . and Lemmas 14.11 and 14.21 these conditions are satisfied by a dense open 
path-connected subset of sections v. 

3.2 Proof of Proposition 1^31 

We will focus on the last case of Proposition 12.51 which follows from Proposition |23 The claim in 
the first case is clear, since the single-element set 9Jt5(K, d/d^) consists of a transverse zero of the 
section dj over j£i(Y', d). The proof of Proposition 13.11 applies to this case as well, except there is 
no gluing to be done. 

Let s and Y be as in Proposition 12.51 For every bubble type T and every rational J-holomorphic 
curve K in y, we put 

^/r;« = {[C, u] GZ^r(P'; J) : u(C) = k}. 

Proposition 3.1 Suppose d, Y, and J are as in Provosition \2.5\. u ^ Af{d; J) is a generic per- 
turbation of the dj-operator on Xi(P^,d), kGSo{Y; J), and T={I,'i\;d) is a bubble type such that 
Ylii&i^i — '^ ^''^d di j^O for some minimal element i of I . If [/[ > 1 or \l^ 0, for every compact 
subset K ofUq-^K, there exist ^^{K) gR+ and an open neighborhood U{K) of K in 3ii{Y, d) such that 

{dj+tiy}-\0)nUiK) = VtG(0,e^(i^)). 

// \I\ = 1 and K = 0, for every compact subset K of Ut-k, there exist ei,{K) G M^ and an open 
neighborhood U{K) of K in Xi{Y,d) with the following properties: 

(a) the section dj+tu is transverse to the zero set in T^' (Y, d; J) over U{K) for all t £ (0, e^iK)); 

(b) for every open subset U of Xi(Y,d), there exists €{U) € {0, €^{K)) such that 

^\{dj+tu}-'nU\ = {e{Wl''^/J,[Tf,iK,d/d.)]) if 7r',^-\0)cKcUcU{K), te{0,e{U)). 
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In other words, the contribution from the main stratum dJli{K, d/dre) of TIi{k, d/d,^) to the number 
iVi(d), as computed via the section dj, is the euler class of the vector bundle W^'^ /^ over 9Jti(K, d/d,^) 

None of the boundary strata of 9Jl| («;, d/d^) contributes to Ni{d). 



We fix a J-compatible metric g^i on P^ and proceed as in Subsection ?? of 'Z4' . For each sufficiently 
small element v = {b,v) oi J-T^ , let 



h{v) = (S„,j„;-u„), where n„ = Ub o q, 

be the corresponding approximately holomorphic stable map. Here 

Qv '■ ^v ^ ^b 
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is the basic gluing map constructed in Subsection ?? of |Z4j . Since dj 7^ for some minimal 
element i of /, i.e. the stable map b is non-constant on the principal curve of the domain S^ of 6, 
the linearization Dj^ of the 5j-operator at h is surjective, since ||</ — ^ollci — ^{^)- Thus, if v is 
sufficiently small, the linearization 

L'j,^: r(t;;rp4) = LP(S„;<rp4) -^ rO'i(i;,TP^ J) = LP(S„; A°;]r*s„0<rp^), 

of the 9j-operator at b{v), defined via the J-compatible connection V^^ in TP^ corresponding to 
the Levi-Civita connection of the metric 5fp4, is also surjective. In particular, we can obtain an 
orthogonal decomposition 

V{v;T¥^) =r_(t>;TP^)er+(z;;rP^) (3.2) 

such that the linear operator 

Z)j,„ : r+(t;; TP^) ^ rO'i(r;; TP^ J) 

is an isomorphism, while 

r_(i;;rP^) = {eog„:eer_(6;P^)}, where r_(6; TP^) = ker Dj^t. 

The L^-inner product on r(f ; TP^) used in the orthogonal decomposition is defined via the met- 
ric 5p4 on P^ and the metric 5^ on S„ induced by the pregluing construction. The Banach spaces 
r(u;TP^) and r'''^(f; TP^; J) carry the norms || • ||d,p,i and || • ||„^p, respectively, which are also 
defined by the pregluing construction. These norms are equivalent to the ones used in ,LT. In 
particular, the norms of Dj^^ and of the inverse of its restriction to r+(t;;TP^) have fiberwise 
uniform upper bounds, i.e. dependent only on [b] €Z//r(P^; J), and not on v^TT^ . 

Lemma 3.2 If T is a bubble type, and v is an admissible perturbation of the dj-operator on 
Xi(P^,(i) as in Provosition VJ.li for every precompact open subset K of UtO^'^] J), there exist 
6K,iK,CK ^^^ and an open neighborhood Uk of K in Xi(P^,d) with the following properties: 
(l)forallv = {b,v)£TT^\j^ 



m, 



\\Dj,^av,p<CK\v\'^''mkp,i Veer_(i;;rP^) and 

CK^m\v,p,i < \\DjMv,p < CKm\v,p,i y^€r+{v;TF^): 
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(2) for all v = {b,v)£!FT^\j^{o) and t^[0,6K), the equation 

djexp^J + tJ^{exp^J)=0, eGr+(t;;rp4), ||e|k,p,i <ex, 

has a unique solution itv{v), and \\itv{'^)\\c'^ ^CK{t+\v\^'^); 

(3) there exist a smooth bundle map C,y : PT^ — > T{T¥'^,d) over lAq- {¥^;J) and a continuous 
function Ey: J-T^ — >M such that for all v = {b,v)^TT^\j^{o) and t£[0,SK), 

\\S.tiy(.y) - ^o{v) - tqlCu{b)\\^o < CK{t+ey{v))t and limej,(z;) = 0; 

(4) the map 

(t)r,tu- J^tI^\j^ — >X?(P^,d), [v] — >'^tu{v)\, where 6t,.(i;) = (S„, j„; exp„^^ti/(^^)), 

is an orientation-preserving dijjeomorphism onto {9j + tz^}^^(0) nX5(P^,(i) fl Uk- 



The first claim of the lemma is a special case of Lemma ?? in |Z4j . The second statement is obtained 
by expanding the equation at Uy and applying the Contraction Principle; see Subsection 3.6 in |Z2j . 
The uniqueness part means that there is a unique solution for each branch of the multisection i^. 
In (3), T(TF^,d) denotes the Banach bundle over the space Uj- (F^,d; J) such that 

Let Py and Pf, denote the inverses of Dj^^, on r+(i;;TP'^) and of Djj, on r+(6;TP^), respectively. 
The Banach space r+(6;TP^) is the orthogonal complement of r_(6;TP^) in 

see Subsection 3.1 in |Z2j . Taking the difference of the expansions for the equations in (2) describing 
Ctu{y) and ^o(^) and applying P„, one finds that 

\\CUv)-U^^)-tPvHu,,)\\^, < CKit+\v\^/P)t. 

On the other hand, a direct computation shows that 

||P„i/(n„) - g*Pfei^K)||^o < C{b)\\u{uy) - Dj^yq*Pbv{ub)\\^^^ + e,,{v) 

< C{b)\\u{u.,) - qlu{uh)\l^^ + eUv) < e,{v); 

see Subsection 4.1 in fZ2' for a similar computation. These two bounds imply (3) of Lemma 13.21 
with C,y{b) = Pi)V{ui,). Finally, the proof of (4) is similar to Subsections 3.8 and 4.3-4.5 of |Z2j . 



Lemma 3.3 Suppose T and v are as in Lemma \S.1A For every precompact open subset K of 
l{'r{F'^; J), there exist 6k, ^k,Ck ^^'^ , an open neighborhood Uk of K mXi(P^,d), and injective 
vector-bundle homomorphisms 



i>T,tu ■■ '^rr^i\r^T/, — ' ^('^' '^)' 



covering the maps 4>T,tu of Lemma \3.2l with the following properties: 
(1) requirements (l)-(4) of Lemma \H.'A are satisfied; 
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(2) lim(„,„) >{b.w*)'pT,tu{v;w) = w* for all be K andw*eVf; 

(3) s'{{(l)r,tu{v))=[soeyi.^^^^t^] e lm(f)r,tu, and for all [u] = [6,^;] e J^T^^|^ 

where e^ : TT — >M. is a continuous function such that lim ei^{v) = for all heUq-i^^; J). 

V >fe 

Proof: (1) We need to construct a lift 4'T,tu that has the desired properties. For each element 
v={h,v) of J^T/^,|^(o), tG[0,5i^), andCer(6;£), let 

R^i E r(t;;£)=L?(S„;<£) and R^^U G r(6t,(i;);£) = L?(S„; {exp„^ei.(i;)}*£) 

be defined by 

{Rvi]{z)=i{qv{z)) and {R^^tv^]{z) =Ii{^^^(^)}(^^){R^i]{z) V zGS„, 

where n|gj_^(„)}(_2'){i?„^}(z) is the V-parallel transport of \^R^^^{z) along the V'^-geodesic 

^{itAvmz) ■ [0, 1] — ^ P^, T — > exp„^(^) T{itu{v)}{z). 

We denote the image of 

r_(6;£)=ker5v,6 

under the linear map Rv^tu by T_{hty{v);2). If 5^ is sufficiently small, the L^-orthogonal projection 

^v,tu : r{bt^{v); £) -^ f^{btu{v); £), 
defined with respect to the metric g^ on S„, restricts to an isomorphism on 

T-{btuiv);£) =kerd^-^^^^^y, 
see Subsection ?? in "ZS" . Let tt"^^, be the inverse of this isomorphism. We set 

(2) By our assumptions on i/, 

^WMAv)^^ ° ^^P«^ ^tuiv)) =0 =^ sf{(l)r,tu{v)) G Im4>T,tu- 

It remains to prove the estimate in part (3) of the lemma. If ex is sufficiently small, vGTT^ 1/^(0); 
^Gr(f;TP^), and ll'^uHu.p,! <eA', we define 

NZ^eT{v;£) by n-^^).(exp„^(,)^(z)) = .^(z)) + Vs|„^(^)C(z) + {iV„^e}(^) VzeS„. 
The quadratic term A'^^ varies smoothly with v, N^0 = 0, and 

\\K^i-Kmco<Cs{Ui\\co + U2\\co)Ui-^2\\co (3.3) 

for some CgGlR^ and for all ^i,(,2&^{v) such that ||Ci||t,,p,i, \\S,2\\v,p,i < £T,u{K) . If ^er_(6;£). 

Thus, the estimate in (3) of Lemma 13.31 follows from (|3.3jl and the estimate in (3) of Lemma 13.21 

27 



Corollary 3.4 Suppose T and v are as in Lemma Vj.lA For every precompact open subset K of 
Ut(J?'^;J), there exist 5/^ , e;^, Cj^ gM"*", an open neighborhood Uk of K in Xi(P^,d), and for each 
t(^{0,€{K)) a sign-preserving bisection 

{dj+tv}-^{id)nXi{Y,d)r\UK — >{u(^m\{¥^,d-J)nUK: {sf+tt?t}(u) = 0}, 
where i?t Gr(9Jt5(F^, d; J) fl Uk\ Vf) is a family of smooth sections such that 

lim ^t{v) = [{Vs}Pbv{b)] ybeK and 

V — >6,t — >0 

\Vx4>T]o4<Pr,o{y)\ <Ck\X\ ybeK, veJ^T^^l, Xeker Dj^,, 
where 4>t,o o,nd (pTfi o.fe as in Lemma \S.S[. 
Proof: The section t?t is given by 

This corollary is immediate from Lenima [3.3l with the exception of the last estimate. This estimate 
follows from the behavior of the various terms involved in defining -dt, see Subsections 3.4 and 4.2 
in [72l. 



For each k^Sq{J;Y), Ut;k is a smooth suborbifold oi UtO^'^; J)- We denote its normal bundle 
by Af^T. Its fiber at [b] eUr-n is the quotient T_{b;T¥'^)/T_{b;TY), where 

r_(6; TV) = r_(6; TP^) n r(6; TY) = r_(6; Tk), 

by the assumption (Jy2) on Jy- We identify A/''^T with the L^-orthogonal complement of r_(6; TY) 
inr_(6;rP^). Let 

be an orientation-preserving identification of neighborhoods of Ut-^k in M'^T and in IAt-{T^; J) 
and let 

^r;«: TTlf.r^T\j^^^^^ > TT and ^T;k- T^lf-T^f\j^nT-^^ — > Vf 

be lifts of ^r;K to vector-bundle isomorphisms restricting to the identity over Ur-^K- 

The section sf is smooth on IAt{¥^; J) and its differential along Ut-^i^, i.e. the homomorphism jo in 
the long exact sequence 

— > r_(6;Ty) ^ r_(6;TP^) ^ r_(6;£) -^ H]{b;TY) — > 0, (3.4) 

is injective on Af^T. We denote the image bundle of jo by V+ C Vf and its L^-orthogonal comple- 
ment in Vf by V-. Let 7r+ and -7r_ be the corresponding projection maps. 

Lemma 3.5 Suppose T is a bubble type as in Lemma U^ and k£Sq{Y; J). For every precompact 
open subset K ofUr-^K, there exist 

(a) 57^,(5^€M+ and an open neighborhood Uk of K in j£i(P^,(i); 

(b) an orientation-preserving diffeomorphism 4>r,K'- -^'"T^' x^^FT^ — >'!)yti{F^,d; J) n Uk; 

(c) a lift (t>T,K' '^Xf'^ToJ^T^i — ^^1 ^f 4'T,K to a vector-bundle isomorphism; 
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with the following property. If'dt&r{dyti(F^,d; J)riUK',Vf) is a family of smooth sections such that 
for some CgM"*", 

then there exists eGM"^ such that for all t&[0,e), b^K, and v^J-Tsp^\b, the equation 
has a unique solution X = Xt[v)^N'^Ty |fc. Furthermore, 



-1_ 1-1 i„d. 



lim t-V_0^iJsf0r,«(6;XtM,i^)) =0 V6GK. 

t >0,»J >b ' 

Proof: (1) The desired maps (pT,^ and (/)7-,k are simply the compositions 4'T,o°'fiT,K and 4'T,o°'PT,k, 
respectively. For each b^K, X ^M'^T\i,, and v^TT^\b sufficiently small, we define Ns{X) and 
N',{X,v)mVf\bhY 

'frU^VrAb; X)) = sf{b) + JoX + iV,(X) = JoX + iV,(X); (3.5) 

4>r]n {4<pTAb; X, v)) = ^:r]A^rAb; X) + K{X, v). (3.6) 

Since jo is the derivative of sf on Uq-{^'^', J), for some C/^€M^, 

iV,(0) = 0, \N,iX)-N,iX')\<CK{\X\ + \X'\)\X-X'\ yX,X' GAf'Tg^jK- (3.7) 

For A'^^(-, •), we similarly have 

\K{X,v)\<Ck\v\'/p, 
\N',{X,v)-N'^{X',v)\ < Ck\v\^/p\X-X'\ 



yX,X'eM''Ts>jK, v^FTIJk. (3.8) 



The first estimate above is clear from (2) of Lemma 13.21 The second bound follows from the 
analogous bound on the behavior of the vector field ^o(^) of (2) of Lemma 13.21 see Subsection 4.2 
in [Z2] . 
(2) If ??t is a family of smooth sections as in the statement of the lemma, by 1)3. 5(1 and ()3.6() . 

Tr+^T\{{4+t^MrAb-,X,v)) = JoX + ^+Ns{X) + T^+K{X,v) +tT:+Ux,v), (3.9) 

where Ux,v) = ^^\{MrAb-.X,v)). 

By (|3.7p - ()3.9() and the Contraction Principle, there exist 5,5' SM"^, dependent on jo and Ck-, and 
e, C E M"*", dependent on jo, Ck, and C, such that for all t G [0, e), b G K, and v G TT^\b, the 
equation 

7r+4>rU{4+tM(t>rAb;X,v)) =0 

has a unique solution X = Xt{v) GAf^Ts/lb- Furthermore, 

\Xo{v)\<C'\v\'^/P and \Xt{v)-Xo{v)\ < C't. (3.10) 
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(3) By (Hm-inm and (HniTl) . 

\7r^^-l{sicl)TMb;Xt(v),v)) -7T^^^\{si<PTAb;Xo{v),v)) < C"{t+\v\^/P)t. (3.11) 

On the other hand, as can be seen from Lemma 13.61 below. 

7T^4>T\{4'l>TAb-,Mv),v)) =0 (3.12) 

for all v£TT^\k sufficiently small. The last claim of the lemma follows from (j3.1ip and (|3.12|1 . 

Proof of Proposition fOl ' (1) By Corollary 13. 4( if tEM"*" and U{K) are sufficiently small, there is a 
one-to-one correspondence between {dj+tv}~'^{Q)r\U{K) and the set 

{uEaJl?(P^d; J)n[/(E:): {sf+t^t}(u) = 0}, 

where t?t Gr(S!Jt'j'(P^, d] J)r\UK', Vf ) is a family of smooth sections as in Lemma 13.51 In addition, 

lim ^t{v) = [{Vs}Pbiy{b)] ^beK. 

V — >6,t — >0 

The homomorphism t)o in the long exact sequence (|3.4() restricts to an isomorphism on V_ and 
vanishes on V+. By definition of Do and Ph, 

t)o([{Vsmz.(6)]) = <,(6) Mh^Ur;.. 

Thus, by Lemma 13.51 

{dj+tv}-^{{))r\U{K) = if 7r°^^^i(o)nE: = 0. 

The case |/| > 1 or ^^^0 of Proposition 13. II now follows from the assumption {v2>a). 

(2) If |/| = 1 and ^^ = 0, by the assumption {v2>a) and Lemma 13.51 the section dj+tv is transverse 

to the zero set on U{K) and 

%dj+tv}-^r^u{K)\ = ±K-i(o)nK|. 

Since 7rO_-i(0)c^/T;« = Tl\{K,d/d^), 

%^J+tu]-^r^U{K)\ = ±K-^0)| = (e(W^5/,J, [Tf,{K,d/d,)]), 
provided 7r^~^{0)cK and t and U{K) are sufficiently small. 

We conclude this subsection with Lemma 13.61 which was used in Lemma 13.51 

Lemma 3.6 Suppose T is a bubble type as in Lemma \S.^ and k^SqIY^ J). For every precompact 
open subset K of Ut-k, there exist 6 € M^, an open neighborhood U of K in Xi(P^,d), and an 
orientation-preserving diffeoniorphism 

(P'r^^-.J'TllK -^ m1{K,d/d^)nu C m'i{F\d;J). 

Proof: If T = (/,N;d), 

Ut;. = Ur'{K] Jo) ~ Z^T'(IP'; Jo) and J'T\ur,^ = TT -^ UT'{r^\ Jo), 
where T' = {I,)X;d[) and d'i = di/d^. 

Thus, Lemma 13.61 is the F^-analogue of the t = case of (4) of Lemma 13.21 

30 



3.3 Proof of Proposition 12.61 

Proposition 12.61 follows immediately from Proposition 13.71 

Proposition 3.7 Suppose d, Y , and J are as in Proposition 12.51 v G A!\{d\ J) is a generic per- 
turbation of the dj-operator on Xi(P^,d), kGSo{Y; J), and T=(I, H;d) is a bubble type such that 
Ylieidi = d and di = for all minimal elements i of I. If\I\>l or '^^%, for every compact subset K 
ofUT-K) there exist e^iK) gM'^ and an open neighborhood Uu{K) of K in Xi{Y,d) such that 

{dj+tiy}-\0)nU,iK) = iI} VtG(0,e,(i^)). 

If \I\ = 1 and K = 0, for every compact subset K of Ut;k, there exist €y{K) G M^ and an open 
neighborhood U{K) of K in Xi(y, d) with the following properties: 

(a) the section dj+tv is transverse to the zero set in T^' (Y, d; J) over U{K) for all t G (0, eu{K)); 

(b) for every open subset U of Xi{Y,d), there exists e{U)G{0,eu{K)) such that 

^\{Bj+t,.}-^nu\ = ^ (e(W°,,/,J, [Mo(^,dK)]> ^f 
nl^-\0)cKcUcU{K), te{0,e{U)). 

In simpler words, none of the strata of DJti^K, d/d^) with q>2 contributes to the number Ni{d). 
Neither does any of the boundary strata of 971^(^,^/6?^). On the other hand, 9K^(k, d/d^) con- 
tributes the euler class of the bundle W^'^/^ ; see Subsection K-J. 11 

We will proceed similarly to Subsection 13.21 but run the gluing construction in Y , instead of P^, 
and make use of the assumption ( Jy2) from the start. We will also use the family of metrics on P^ 
provided by Lemma 2.1 in |Zlj . which we now restate: 

Lemma 3.8 There exist rpi > and a smooth family of Kahler metrics {5pi_g : q € F^} on P^ 
with the following property. If Bq[q',r) C P"*^ denotes the g^ig-geodesic ball about q' , the triple 
{Bq{q,rjf>i), jQ,gjf>iq) is isomorphic to a ball in C^ for all gGP^. 

In this case, the operators Dj^h\-p(^j:^-u*TY) are not surjective for b&Uq- 1^, where Uq- ,, is the preimage 

of Ut-k under the quotient projection map U!^ {¥^; J) — >Ut{^'^', J). Thus, in contrast to the case 
of Lemma l3.2| we encounter an obstruction bundle in trying to solve the (9j-equation near Ut;k, 
as in Subsections 3.3-3.5 of |Z2j . Subsections 3.3-3.5 in (Zlj describe a special case of an analogous 
construction in circumstances similar to the present situation. 

First, we describe a convenient "exponential" map for Y defined on a neighborhood of each smooth 
curve k£So{Y; J). We identify the rational curve k with P^. For each b^Ur-^n, let gY,b be a J- 
compatible extension of the metric 5K,fe = 5pi,cvp(6) o^i ^ provided by Lemma 13.81 to a Riemannian 
metric on a neighborhood of k in Y . We identify the normal bundle Nyi^ of k in 1" with the 
gy^fo-orthogonal complement of Tn in TY],^. Let 

exp^: Tk — > K and exp^: tt^i^Nyk — > Nyn 

be the exponential map with respect to the metric g^^b and a lift of exp^ to a vector bundle 
homomorphism restricting to the identity over k. For example, exp^ can be taken to be the gvfi- 
parallel transport along the (^^.b-geodesics. For each qGn and £^GTqY sufficiently small, let 

expfeC = expg^^^<,xp^^5_ (Sq5b,5_C+) if ? = C-+C+ G TkQNyk = TY, 
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where exp is the exponential map for the metric gY,b- One useful property of this "exponential" 
map is that exp;, ^ € k if ^ G Tk C TY. 

For each element 6=(Sfe,Ufc) ofUj-.]^, we identify the cokernel Hj{b;TY) of the operator 

with the space Fj (6; TY) of (J, j)-antilinear tt^Ty-valued harmonic forms on S;,. The elements of 
rj (6; TY) may have simple poles at the nodes of E^ with the residues adding up to zero at each 
node. If TCb^p denotes the one-dimensional vector space of harmonic antilinear differentials on the 
principal component(s) Tib,p of T,b, 

r^_l\b; TY) = T'^_l\b; Tk) r'^^(6; Nyn) = nb,P®T^^^(b)>^ r'^^(6; Nyk). 

This decomposition is L^-orthogonal. Furthermore, Fj {b^NyK) is isomorphic to the cokernel 
Hj{b; Nyk) of the operator 

DJy.r{b;NYK)^r'''\b;NYK;J) 

induced by the operator Dji, via the quotient projection map 

n^ : ryU -^ Nyk = TY^/Tk. 
Wenotethat if K = 0and |i| = l, T^l^{b-TY) is a subspace of F0'1(6; TY; J). 

We are now ready to proceed with the pregluing construction. For each sufficiently small element 
v = {b,v) of J^T^ let 

b{v) = {T,y,jy;u^) 

be the corresponding approximately holomorphic stable map, as in Subsection 13.21 In the present 
case, the linearization Dj^ of the (?j-operator at b is not surjective. Thus, the linearization Dj^y of 
the 9j-operator at b{v), defined via the Levi-Civita connection of the metric gY,b, is not uniformly 
surjective. An approximate cokernel of Djf, is given by 

r°_l\v; TY) = r°_l\v; Tk) © r°_l\v; Nyk), (3.13) 

with the vector spaces Fj {v;Tk) and F_' {v;Nyk) explicitly describable from F_' (6; Tk) and 
F_! {b;NYK), respectively, via the basic gluing map g^, : S„ — >T,h. In fact, we can simply take 

r''/{v;NYK) = {qlT]-. rjer'h\b;NYK)}. (3.14) 

While we can define the space Fj {v;Tk) in the same way from Fj (b;TK), in the K = 0, |/| = 1 
case it is more convenient to take 

r'h\v;TK) = {RyT]-. 7]GT'^_l\b;TK)}, 

where RyT] is a smooth extension of r] such that RyT] is harmonic on the neck attaching the only 
bubble Tiiy^h of S^ and below a small collar of the neck and vanishes past a slighter larger collar. 
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For an explicit description of RvV: s^e the construction at the beginning of Subsection 2.2 in |Z1| . 
We observe that 

{{VK,'n))v,2 = 0, ((9jM„, r/))„,2 = 0, {{D,iv^, ri))v,2 =0, 

y^eTiv;TK), r]^eT'^_l\v;TK), f,eT'^_l\v;NYK), 

where ((•, ■))v,2 is the L^-inner product of the metric gY,b on Y. This inner-product is independent 
of the choice of a metric on S„ compatible with the complex structure jy on S„, though we will 
always view S„ as carrying the metric g^ induced by the pregluing construction. If N = and 
\I\ = 1, rj {v;TY) is a subspace of T^'^{v;TY; J), and we denote its L^-orthogonal complement 
hyr^^\v- TY). Let 

TT^):! , *°'\ vr°:^ : rO'Ht^; TF; J) ^ r°_'\^;; Tk), r°_:^(t;; iVyK), r^^t;; ry) 
be the L^-projection maps. 

As in Subsection 13.21 if v is sufficiently small, we can also obtain a decomposition 

r{v;TY) = T_{v;TY)er+{v;TY) (3.16) 

such that the linear operator 

Dj,y :T+iv; TY) -^ T^'^^v- TY; J) 

is injective, while 

r_{v;TY) = {^oq^: ^eT^{b-TY)}. 

In this case, Dj^y denotes the linearization of the 9j-operator at b{v) with the respect to the 
"exponential" map chosen above. In (|3.16|1 . we can take the space r+{v;TY) to be the L^- 
orthogonal complement of T-{v; TY), and we do so unless M: = and |/| = 1. If K = and \I\ = 1, 
we can choose r+(u; TY) in such a way that 

{{Dj,y^,v))v,2 = y^et+{v;TY)nT{v;TK), r]eT''/{v;TY), (3.17) 

the operator 

Dj^y : r+{v; TK) = r+{v; TY)nr{v; Tk) — > r^+\v; TK) = r^_;\v; TY)r\r°'^{v; Tk) 

is an isomorphism, and the intersection of T-^^{v;TY) with the L^-orthogonal complement of 
T-{v;TY) has codimension one in both spaces. The subspace T^{v;TY) of T(v;TY) is con- 
structed by restricting the procedure described in Subsection 2.3 of |Zlj to the line 7^fe,H®T'evp(b)K. 

Similarly, let T^(v] Nyn) be the L^-orthogonal complement of 

r.{v;NYK) = {Coqy:^er^{b;N^Y)} 
in r(z;; A^y«;) = L^(S„; n*A^yK). If v is sufficiently small, the linear operator 

DJ^y:T+{v;NYK)^T^'\v;NYK;J) 
is injective. The key properties of this setup are described in Lemma 13.91 
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Lemma 3.9 If T, u, and k are as in Proposition \cl.T[ for every precompact open subset K of 

^T;k, there exist 6k, Ck G M+ and an open neighborhood Uk of K in Xi{Y,d) with the following 

properties: 

(1) for every [6] E Xi{Y,d)riUK, there existv^TT^ |^(o) and C, ^T +{v;TY) such that \\C,\\v,p,i<6k 

and [expj,(-^\ C] = [6] , and the pair {b,C) is unique up to the action of the group Aut{T) oc (S^)^ ; 

(2)forallv = {b,v)eTTl\Km, 

C^iCII«,p,i < \\DjMv,p < Ck\\C\\v,p,i VCGf+(t>;Ty); 
C^'mUpA < \\DJ^M\v,p < CKm\v,p,i y^€r+{v;N^Y); 

(3)foraUv = {b,v)£^Tl\^^o), ^eT(v;N^Y), and r]Gr^_l\v;N^Y), 

\{{DJ.,^,r]%,2\ < Ck\v\^/pU\\v,p,i\Mv,i. 
In the first claim of Lemma 13.91 

expfe(„)C = (S„, j„;expfe,,^C)• 



Tllis statement is a variation on (2) of Lemma ?? in |Z4j and liolds for the same reasons. The first 
estimate in (2) and (3) of Lemma 13.91 can be obtained by direct computations. The two remaining 
estimates are proved analogously to the corresponding estimates of Lemma 13.21 

Corollary 3.10 Suppose v, T , and k are as in Proposition \!^. T\ If q & Z+ and K is a compact 
subset of Ur^n'^'^iiK'-, d/ di^) such that 

then there exist ejy(i^)€M+ and an open neighborhood Uu{K) of K in Xi(y, d) such that 

{dj+tvY^{f))r\U^,{K) = % VtG(0,e^(i^)). 

Proof: (1) As usually, for all C,^T{v]TY) sufficiently small, 

n^H^J+*2^}exPb(„)C = dju^ + Dj.^C + NvC + tNy^^Q + tv\u^, 

where H^ denotes the parallel transport with respect to the Levi-Civita connection of the metric 
gY,b along the geodesies of the map exp^. The nonlinear terms satisfy 

l|iV.C-iv.C'll.,p<Cx(||Clkp,i + IIC'll.,p,i)IIC-C'll.,p.i ^^ .^^, ^^. .„^„. 

see Subsection 3.6 in Z2 for example. Our choice of the map exp^, also implies that 

iV„Cer°'i(i;;TK) VCGr(u;rK) cr(i;;Ty). (3.19) 

(2) Suppose t; = (6, t;)GJ^TV(o), C,£.V^{v\TY), and 

{9j+tz^}expfe(„)C = =^ 

djuy + L>j,„C + N^C + tN^,vC + tiy\u^ = 0- (3.20) 
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From (2) of Lemma 13.91 and ()3.18|1 . we then obtain 

\\C\\v,p,i<CK{\v\'^''+t). (3.21) 

On the other hand, applying the projection map ir^ to both sides of 1)3.20(1 . we get 

Di„C^ + N^C + tN;^,v( + t^\. = G T'^'Hv, Ny^; J), if (3.22) 

C = C' + C^eT{v;TK)(BT{v;NYK), N^( = 7TiN^C, iV^V = ^« ^-.-C, ^^ = t^^i^- 

By dSIHl), (EH, and (IT^ . 

IKClL,, = ||vr;^(iV.(C* + C^) - A^.C*)L,p < CK{\v\'/^+t) WC^lUv 
Thus, by (2) of Lemma El (E3H1), and (HT^ . 

||C^lk,p,i<CKi, (3.23) 

provided (5^ is sufficiently small. Combining (3) of Lemma l3.91 (|3.18() . (|3.22() . and (|3.23l) . we obtain 

Since the section n^ Z of the bundle W ''J, , does not vanish over the compact set K^ it follows 
that 

{aj+M-i(o)nc/,(ir) = 

if t and U^{K) are sufficiently small. 

By Lemma H^ the spaces 9Jtx(K, d/d/t) with g>2 are contained in 9JI]^(k;, d/dfj). In particular, if 
T is a bubble type as in the ffi'st claim of Proposition 13. 7| 

KT;. C {Tf,iK,d/d,)-TtiiK,d/d,)) U {Tl\{K,d/d^)-Tl\iK,d/d^)). 

Thus, Corollary 13. lUl along with the regularity assumptions (vSa) and (z^3c), implies the first claim 
of Proposition 13.71 

Corollary 3.11 Suppose v, T , and k are as in Proposition \3.T\ //H = and \I\ = 1, for every com- 
pact subset K ofUT;K containing vt"^^^(0), there exist ei,{K) ^M.'^ and an open neighborhood U{K) 
of K in Xi(Y,d) with the following properties: 

(a) the section dj+tv is transverse to the zero set in T-^' (Y, d; J) over U{K) for all t G (0, e^{K)); 

(b) for every open subset U of Xi{Y,d), there exists e(C/) € (0, e,y(K)) such that 

±|{5j+M-inC/| = ^(e(>VO,/,J,[Mo(K,d/4)]> ^f KcUcUiK), tG(0,e(C/)). 

Proof: (1) By Corollarv 13. lUI and the assumption (i^Sa) on z^, it can be assumed that the compact 
set K is disjoint from 971]^ (k, d/d^)- Thus, if h is the unique element of /, 

\V^Jl^\ > Ck\v\ \f[v] = [b,v]£TT\K; (3.24) 
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see Lemma 14.21 By Lemma 13.91 and the proof of Corollary I3.1U1 we need to determine the number 
of solutions [v, C] of the equation 

dju^, + Dj^^C + N^C + tN^,vC + tiy = 0, ve^T^Jj^m, C^^+{v;TY), ||Clk,p,i<ei^. (3.25) 

In this case, F J {v; TY) is a subspace of T^'^{v; TY; J) , and the middle estimate in (2) of Lemma f3.9l 
implies that 

Ck'\\C\\v,p,i < ||7r°'.^Dj,„Clk,p < CkK\\v,p,i VCGf+0;;Ty). 

Thus, the linear operator 

7r°'iDj,„: f+(t;;ry) -^ tY{v;TY) 

is an isomorphism. It then follows from the Contraction Principle, the first estimate in (2) of 
Lemma 13.91 and (|3.18|) that the equation 

has a unique solution (i)£r^{v;TY), provided v^TTf |^(o) is sufficiently small. Furthermore, 

\\Cv\\v,p,i<CK{\v\^'''+t). (3.26) 

Thus, the number of solutions [u, Q] of 1)3. 25() is the same as the number of solutions of 

^tu{v)=t~^ ■ 'K^jl_{dju^+Dj^^Q^+N^Cv+tN^Av+tv) = 0> M e^Tg^|;^(o), (3.27) 

where 

7r°'.i_ = vrO'.i 07?°'! : FO'^(t;; ry; J) ^ F^^(t;; Tk) e F^^(z;; iVy/t) 

is the L^-projection map. 

(2) With our choice of the space Fj {v;Tk), 

7r°:i5ju„ = R^Vj^hV e V'^l^v; Tk); (3.28) 

see Subsection 4.1 in ^Zl . Furthermore, 

7rO'.iAr„C = VCGF(i;;TK), (3.29) 

since the supports of all elements of ?? E Fj (v; Tk) are disjoint from the support of N^^C,, for 
C,eT{v]TK), due to our choice of the "exponential" map. By (jXIHl), (EUHl, (EUHl), W^ - and the 
same argument as in the proof of Corollary I3.1fl( 



^0,1 



vr. 



^tu{v)-Ro^lAb)\l2 ^ CK{\v\''^ + t) + \HU^)-Rvm\\v,2 



(3 30) 

||7r°'.i*t,(t;) - R.{-Kl,,Ab) + t-^Vj^hv)\l^^ < C^(|r;|^/^+t) + ||z.(n„)-i?„z.(6)|[„,2, 

where Ryr] = q*r] for r/EFj {b;NYK) and 

<.;.(&) = 7r.<,u(.b) ^ nl^Ab)-«,A^) e r''_i\b-TK). 

Since 

lim {\v\^'^+t) + \Hu^)-Rvv{b)\\^,2 = 0, 
t — >0,|u| — ►0 
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by H3.24() . (|3.3U|) . and the same cobordism argument as in Subsection 3.1 of jZlj . the number of 
solutions of H3.27() is the same as the number of solutions of the system 






[v] = [6, w] G ^r — > Tl^ {k, d/d^ 



if the interior of the compact set K contains the finite set vfj^ ^(0). Since Djh does not vanish on 
vr^ ~^(0), the number of solution of this system is 



Ivri, -1(0)1 = (e(W^;^/,J, [Tl\{K,d/d^)\) 

= (- ^) ( - 2(rfK)) (e(>V°,,/,J, [Mo(^,d/d.)]>, 
as claimed in Proposition 13.71 

4 On the Euler Class of the Cone Vf — > MJ(P^ d] J) 

4.1 The Structure of the Moduh Spaces OJl?(P", d; J) 

In this section, we prove Proposition 12.31 bv constructing a perturbation i? of the section sf of the 
cone vf over 9Jt;^(P^, d; J) and counting the number of zeros of the multisection sf+t'd for a small 
iGM"*" that lie near each stratum of 

s^-l(0)nM?(P^d; J) =M?(y,d;J) = [J M?(k, d/d«) U |J 9Jl?(K,d/d^). (4.1) 

K,eSo{Y;J) KG<Si(y;J) 

Since the single-element orbifold '>!fR\{K,,d/df^) is a transverse zero of s^, for k,(^Si{Y; J), 

C^,(.4/d.){4) = ^\{s'i+t^r\^)r^U^\ = ±|9JI?(/.,dK)|, (4.2) 

if C/k is a small neighborhood oi '^1{K,d/d^) in 9Jt]^(P^, d; J). The second equality in (|4.2|) holds 
for every multisection "d of Vf and every t G M sufficiently small. Thus, the key to proving Propo- 
sition ESI is computing the sf-contribution from each stratum of the moduli space 97t]^(A€, d/dre). 
This is achieved by Proposition 14.51 and Corollarv 14.71 

In this subsection, we describe the structure of the moduli space 97tx(P",(i; J), with J sufficiently 
close to Jq. Lemmas 14.11 and 14.21 are special cases of Lemmas ?? and ??, respectively, in jZ5j. In 
turn, the latter two lemmas follow immediately from Theorems ?? and ?? in Z4.. 

Lemma 4.1 If n,d gZ^ , there exists 5n{d) G M+ with the following property. If J is an almost 
complex structure on P", such that \\J — Jo\\qi <5n{d), and T={I,'ii;d) is a bubble type such that 
'^i^jdi = d and dj^O for some minimal element i of I, then Ut{¥^^; J) is a smooth orbifold, 

dim^/r(lP";^) = 2(d(n+l)-|K|-|7|), and Z^r(IP"; -/) C M?(P",d; J). 
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x{T) = {/ii, /i4, h}, p{v) = {vh^ , Vh^Vh^^Vh^Vhr,) 
jriT® = {[6;fi,f2,f3,W4,f5]: Vh^C* 

'^J,hl^hi+1^.J,h4^h3Vh4+'Dj^h5Vh3Vh5=0} 

"tacnode" 

Figure 5: An Illustration of Lemma 14.21 




Furthermore, there exist 6(zC{h{T{¥'^^; J);M'^), an open neighborhood Uj- ofhlq-{¥'^]J) inXi(F",(i), 
and an orientation-preserving homeomorphism 

(pT-J'Ts — ^Mi(P",d;J)n?7r, 
which restricts to a dijjeomorphism J^T^ — >^^{F^,d; J)nUT- 

Lemma 4.2 If n,d(^ TLi^ , there exists 5n{d) G M"*" with the following property. If J is an almost 
complex structure on P", such that \\J—Jo\\c^ <^n{d), and T=(I,'^;d) is a bubble type such that 
^,i^jdi = d and di = for all minimal elements i of I, then UTi^"", J) is a smooth orbifold, 

dimZYr(P"; J) = 2(d(n+l)-|K|-|/[+n), and M?(P",d; J) nZ^r(P"; J) =^T;i(P";J), 
where Z^r;i(P"; J) = {[6] eZYrlP"; J) : dime 5pan(c,j){Afo: iGx(^)} < lx(^)l}- 

The space Ut iii^^', J) admits a stratification by smooth suborbifolds ofUT{F"",J): 

Z^T;i(P";J)= U ^^i(IP";-''), where 

m=niax(\x{T)\—n,l) 

ZY^i(P"; J) = {[b]GUT{r^; J): dime Span^c,J){'^^b■ i^^xiT)} = \xiT)\-m}, 
dim^/f.i(P"; J) = 2(d(n+l) - \H\-\i\ + n + {\xiT)\-n-m)m) 
<dim9[R?(P",d;J) -2. 

Furthermore, the space 

T^T'^ = {[b,v]eTT^ : Vr{v) = 0} 

is a smooth oriented suborbifold ofJ-T. Finally, there exist 6£C{Ut{¥'^; J);M'^), an open neigh- 
borhood Uj- oflI'r(F"';J) in Xi(P",(i), and an orientation-preserving diffeomorphism 

<I)t: T^t! — > 9JI?(P",d; J)nC/r, 
which extends to a homeomorphism 

cpT : J^^Ts — > Mi(P", d; J)nUT, 
where T^T is the closure of T^T^ in TT . 
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We illustrate Lemma 14.21 in Figure |SJ As before, the shaded discs represent the components of 
the domain on which every stable map [b] in Uq-{¥'^^;J) is non-constant. The element [Sfe,-Uf,] of 
Z//-7-(P"; J) is in the stable-map closure of 9}T]'(P"', d; J) if and only if the branches of ui,{Tih) corre- 
sponding to the attaching nodes on the first-level effective bubbles of [Sfc,Ub] form a generalized 
tacnode. In the case of Figure |H1 this means that either 

(a) for some /i€ {/ii, h^, /15}, the branch of Ufelsj ^ at the node 00 has a cusp, or 

(b) for all h£ {hi, h^, h^}, the branch of n^lsj, ^ at the node 00 is smooth, but the dimension 

of the span of the three lines tangent to these branches is less than three. 

If kGSo{Y] J), we put 

Wr;.;i = UT;.nUT-i{^^; J) c M?(K,dK), U^.^.^ = UT;.nU^.i{F^; J) c Ut-.;i. 
By the n = 1 case of Lemma 14.21 

UT-n;l = Ur-n = U^^'f^^'^ U U^:^^^ if |x(T) j > 2. 

The last space may be empty. In particular, 

m\{K,did^) = {Mi,gxmiiK,d/d^)) /s, cWi{K,d/d,) if q>2. 



Let 

mli.i{F\d;J) = {[F\u]£mli{F\d;J):du\oo=0}. 

In other words, QJtg i.i(IP^, d; J) is the subset of SJlj] iCP^) "^S '^) consisting of the elements [P^, u] such 
that the differential of u vanishes at the marked point of P^, which we always take to be oo. The 
image of a generic element in 9JIq i.i(P^, d; J) is a rational curve J-holomorphic curve in P^ with a 
cusp at the image of the marked point. We denote by 9Jto,i;i(IP^) d; J) the closure of QJlg ii(^^' d; J) 
inMo,l(P^(i; J). U neSo{Y;J), we put 

dJlli.JK, d/d^) = ml,,i{¥\ d; J) n Mo,i(k, d/d^), 



mo,i;iin, d/d,) = 9Jto,l;l(IP^ d; J) n 9Jto,i(K, d/d. 
By Lemma 14.21 



9Jt};?(K, d/d^) = Mi^i X 97t[J,i.i(K, d/d^), and TI\.i{k, d/d^) = Mi^i x TIq,i,i{k, d/d^). 



m\{K,d)r\ml{K,d) = m\.i{K,d) ^dei^. 

We note that 

dimcMo,i;i(K,d) =2(i-2 and dimcMl.i(K,(i) = 2(i - 1. (4.3) 

4.2 The Structure of the Cone Vf — > M°(P^ d] J) 

We next describe the structure of the cone Vf near each stratum Ur{^'^;J) and Z^™;^(P^; J) of 

9Jl]^(P'^, d; J). We then state several regularity conditions that we will require the perturbation •§ 
of Si to satisfy. The first lemma stated is a special case of Lemma ?? in |Z5j . 

39 



Lemma 4.3 If d, £, and Vf are as in Provosition \2.!A there exists 6{d) G M+ with the following 
property. If J is an almost complex structure on P'*, such that \\J—Jq\\(ji <6n{d), and T=(/,b^;d) 
is a bubble type such that "^^^jdi = d and di ^ for some minimal element i of I, then the 
requirements of Lemma \4-.1\ are satisfied. Furthermore, the restriction Vf — >'Uq-{¥'^] J) is a .smooth 
complex vector orbibundle of rank 5d. Finally, there exists a smooth vector-bundle isomorphism 

(Pt: ^^r»("'^l Lr{P4;J)) ' ^l \^^(V\d;.J)nUr' 

covering the homeomorphism cpq- of Lemma \4.1[ such that (j)^ is the identity overUq-(F'^; J) and is 
smooth over TT^ . 

For every n^S^iY; J), the family of boundary operators Dq in the long exact sequence (|3.4|1 . with 
h^lAj-:^ and T as in Lemma U31 induces a surjective bundle homomorphism 



1.0 . yd i/yl,0 

K,d/d^ ■ "^1 '^^K,d/d^ 



over S!JtJ {n^d/d^). The first two regularity conditions on a perturbation d of the section sf over 



^0,^4 



9Jli(P'^, d] J) are that for every k^So{Y;J) 

ijDla) the section 0^'^/^ ^lajiOfK,^/^^) is transverse to the zero set in W^'^/^ ; 

(i?16) the section '0^^,^ 'd does not vanish on 9Jt{ {K,d/df^)) — dJti{K,d/di^)). 

By Lemma 14.31 the n = 1 case of Lemma 14.11 and ()2.15() , the collection of multisections t? of Vf 
that satisfy {'dla) and {'dlb) is open and dense in the space of all multisections of Vf. 



The next lemma, which is the analogue of Lemma 14.31 for the strata U^.i{¥^; J) of Lemma l4.2( is 
a special case of Proposition ?? and Lemma ?? in |Z5j . For any b£U^.i{¥'^; J), we put 



Lemma 4.4 // d, £, and Vf are as in Proposition \2.iA there exists 5{d) S M+ with the following 
property. If J is an almost complex structure onW^ such that \\J—Jq\\(ji <5{d), then the requirements 
of Lemma \4-'A ^''^^ ^f Lemma \4-'A '^''"^ satisfied for all appropriate bubble types. Furthermore, if 
T={I,'ii.;d) is a bubble type such that '^i^idi = d and di = for all minimal elements i of I, then 
the restriction Vf — >Ut{^^', J) is a smooth complex vector orbibundle of rank 5d+l. In addition, 
for every integer 

me (max(|x(T)|-4,l),|xC?'l), 
there exist a neighborhood [7™ oflA^.^{¥^;J) in Xi(P'^,d) and a topological vector orbibundle 

Vf!!p ^Tf^{¥\d;J)nU^ 

such that V^'J^ — >9Jl5(P^,(i; J) n [7™ is a smooth complex vector orbibundle contained in Vf and 

There also exists a continuous vector-bundle isomorphism 

Im . * /■,,o!;m| \ y^d]m\ 
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covering the homeomorphism (j)q- of Lemma \4 1\ such that (f)V^ is the identity over IA^.^{¥^;J). 
Finally, if T and T' are two bubble types as above and m,m'€Z+, then 

'^i;T' \u:p(¥i;j)nU"}, ''^i;T\u^,-^(P'^;j)nU"},' " m ^m. 



If [6]GZif.^.i, weput 

r_(6;£;0) = {eGr_(6;£):2)r,i^ = 0ViExm}; 

K,r\b = {mGVf.r\b-^T4 = Viex(T)} c vf;™. 

In this case, the standard analogue for b of the long exact sequence p.4p has six terms. However, 
replacing the fourth term by the kernel of the outgoing map at the fourth term, we get 

0^r_(6;Ty) ^r_(6;TP^) Ar_(6;£) ^ H}{7:B{by,TY) ^0. (4.4) 

By Theorem ?? in |Z4j . the linear operator 

is surjective for every [b] &Ut(J^'^', J), with T as in Lemma l4.2l and iGxC^), if J is sufficiently close 
to Jo- It follows that the homomorphism 

Jo:r_(6;Tp4)^r_(6;£)/r_(6;£;0), 

induced by the map jo in 1)4. 4p is surjective for every [b] € ^T;k- Thus, the family of boundary 
operators Do in (|4.4j) with [b] (zUt-k induces a surjective bundle homomorphism 

^i'./.. ■■ %r -^ -*bK',m. C WiS/.. (4-5) 

over Ut-k.;!, ^^^T;KCTli{K,d/dK,). Furthermore, 

where 5,,'^/^ is the surjective bundle homomorphism over Z^/^f.^ C 9JIo(k, d/dK) defined similarly 
to c) 'j, , . 

We now state additional regularity conditions on a perturbation i9 of sf. We will require that for 
every k&So(Y; J): 

(i?2a) the sections ^^^^d/df\M,,ixm^^,.^,{K,d/d.) and t);^'i/^/|a^^_^^OTO^^^^(^^rf/rf^) are transverse 
to the zero set in T^B^n'd/d ' 

(t?26) the section '^^^i^ "& does not vanish on dRi.i{n,d/ df^) — ^^.^[K,d/ d^)] 

(i?2c) for q>2, the section c)^'^,^ t? does not vanish on ^^[n^d/di^). 

By Lemma im ()2.6() . and (|2.11() . the collection of multisections 'd of Vf that satisfy {"D2a) and (-i?2c) 
with g > 4 is open and dense in the space of all multisections of Vf. By (|2.8|) . (|2.11jl . (|4.3|) . and (|4.6j) . 
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the collection of multisections i? of Vf that satisfy one of the three remaining conditions, i.e. {'d2b), 
{'d2c) with q = 2, or {'d2c) with q = 3, is nonempty and open in the space of all multisections 
of Vf , but not dense. Nevertheless, by considering the decompositions of the intersections of the 
corresponding subspaces of Tli{K,d/dK) analogous to (|2.9() . it is straightforward to see that the 
intersection of these three open sets is still nonempty. Alternatively, note that 

dime (M;.i(K,dK)-aK};?(Ac,d/4)) = 2{d/d^) - 2 = rkWjJ/^j 

'.3 
',d/dK. ' 



dimcml{K,d/d^) = 2{d/d,) - 2 = rk>V°f 



dime ml{K, d/d^) n m\{K, d/d^) < 2{d/d^) - 3. 

Furthermore, the space dRi.i{n,d/d^) — '^^.^{K^d/dt^) has two irreducible components. One of 

them is contained in 9Jtx(K, d/d^)^ while the other intersects 9JI]^(k, d/d^^) in subvariety of complex 
dimension 2(6?/^^) — 3. Thus, if ?? is a generic multisection that satisfies (??2c) with q = 2, its 
restrictions to 

m\.i{K,d/d^)-mlf^{K,d/d^) and ml{K,d/d^) (4.7) 

have finite zero sets, divided equally between positive and negative zeros. These zeros can be 
removed in pairs by modifying -i? outside of the boundary strata of 1)4. 7() . 

It remains to state one more regularity assumption on {}. If / = x(T) = {/i} is a single-element set, 
for every [b] &Ut-k;1, we put 

r_(6;rP^rK) = {CeT^{b;TF^):t)l\c G T.^^ib)'^} C T_{b;T¥^;TY). 
Since d{ub\s^ ^}\cxi = by Lemma H^ the subspaces 

r_(6;rp*^;ry),r_(6;TP^;TK) c r_(6;rp^) 

are in fact independent of the choice of connection V"' in TP^. Furthermore, by Theorem ?? in |Z4j . 

r_(6;rp4;ry)/r_(6;rp^r/.)p.iVyK|e,^(6) via C^[^taC]- (4-8) 

By the paragraph following Lemma 14.41 and condition (Jy2) of Definition 11.21 

ImJo|r_(b;Tp4;Ty)=kertionr„(6;£;0) and kevJoCr.{b;T¥^;TK), (4.9) 

where j'o and Dq are as in (|4.4j) . Let 

#}(7rB(6);ry)=r_(6;£;0)/lmJo|r_(fe;Tp4;r.). 

The vector spaces Hj{TTB{b);TY) and the quotient projection maps induce a vector bundle over 
Tl-^^'.^i^K^d/d^), which we denote by Q^^/^ , and a surjective bundle homomorphism 

^K,d/d^ ■ ^T-^^^r;i ' QK,d/d^- 



On the other hand, the boundary operators Do in (|4.4() induce a surjective bundle homomorphism 

^K • QK,d/d^ ' ^*B^K,d/d^ 

42 



over Tllf^{K,d/d^). By gSJ and (gSJ, 

kervr^ ?a 7r|j(LQ(8)evQA^yK). 
We also have a surjective bundle homomorphism 

^K ■ Q^K4/d^ — ' ir%{L*Q(S)evlNYi^). 
It is induced by the map 

joC ^ {-27Tj)[Vi^C\^,^^] e Nyk if CGr(6;Tp4), JoCer_(5;i:;0). ^4^10) 

Thus, we obtain a splitting of Q^j^m '■ 

^« ® ^.'' ^ Qm/^« -^ n%{L*,^evlNyK) ^I^Wj;,,^ (4.11) 



over 9JI]^;;^(k, d/dft). We note that 



for all dG^ 



ii,i 



rkQ«'rf = 2d (4.12) 



Our final regularity condition on i? is that for every k&Sq{Y; J): 

(-i^S) the section ^^^^i^J^ does not vanish over '^^.^{n^d/d,^). 
By Lemma 14.41 <\A.'6\ . and (|4.12|) . the collection of multisections "d of Vf that satisfy (t?3) is open 
and dense in the space of all multisections of Vf. We denote by ^f (s; J) the collection of all multi- 
valued perturbations of the section sf of Vf over 9}T]^(P^, d; J) that satisfy the regularity conditions 
(t?l)-(T?3). By the above, Ai{s;J) is a nonempty open, but not dense, subset of the space of all 
multisections of Vf. 

It is possible to use a dense open collection of perturbations in the statement of Proposition 14.51 
below. However, using such a collection would needlessly complicate its proof by enlarging the 
zero set of the sections '^^^^ '& by homologically trivial subspaces of 9Jti(K, d/d^)- This would also 
require stating the analogue of ('(93) for the g = 2,3 cases of (192c). 

4.3 Proof of Proposition 12.31 

In this subsection, we finally prove Proposition 12.31 It follows immediately from (j4.1|) . (|4.2j) . 
Proposition 14.51 and Corollarv 14.71 

Proposition 4.5 Suppose J, d, £,, and Vf are as in Proposition \2.t\ -d € Ai{s; J) is a regular 
perturbation of the section sf ofVf on 9}Tx(IP^, d; J), k^Sq{Y;J), andT={I,'R;d) is a bubble type 
such that ^i(zidi = d- If\I\>^ or'i^.^iji, for every compact subset K ofUT-^, there exist e^{K) &M'^ 
and an open neighborhood U{K) of K in 9Jt]^(P^, d; J) such that 

{si+t'&}-^{id)r\U{K) =0 Vte(0,e^(i^)). 

If \I\ = 1 and ^^ = 0, for every compact subset K of Ut-k, there exist e^{K) € M^ and an open 
neighborhood U{K) of K in S!Jt;^(P^,(i; J) with the following properties: 
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(a) the section sf+t^ is transverse to the zero set in Vf over U{K) for all t€ (0, e^(i^)); 

(b) for every open subset U of 'iyRi{¥'^ , d; J), there exists e([/) € (0, e^(K)) such that 

In other words, the sf-contribution from the main stratum DJli{K,d/dK) of the space OJI^(k;, d/d^) 
to the number 

(e(Vf),[M?(P^d;J)]>, 

as computed via a perturbation from the open collection Af{s; J), is the euler class of the vector 
bundle W^'^,^ over 9}ti(K, d/d^) minus the t)^'^/^ iJ-contribution to the latter euler class from the 

the zeros of ^^^i^i "& that lie in 59JIi(k, d/d^)- Since f^'^/^ ^\<xif(K d/dn) ^^ transverse to the zero set 
inTti{K,d/d^), 

by Definition 12.41 None of the boundary strata of 9Jti(K, d/d,^) contributes to the euler class of Vf. 

Proof: (1) If T is a bubble type such that diy^O for some minimal element i € /, the conclusion 
of Proposition 14.51 follows by the same argument as in the proof of Lemma 13.51 and at the end of 
Subsection 13.21 The key difference in the |/| = 1, ^( = case is that the section d ' ,, , t? may vanish 

on ddJli{K,d/dn). In addition, by the regularity assumptions, (i?16), (^26), and (t?2c), 

{^Z/df}~'(^) - ^^li^^d/d,) c 9Jl};?(K,d/4) =^ 
^\{^Z/dfy\0)r^^ii-^d/d^)\ = (<>Vi3/.J, [^ii^^d/d^)])-C<^-:^i.,d/dJ^ZMf)- 

(2) If T is a bubble type such that di = for all minimal elements i€l and |I| = 1, or more generally 
|x(^)| = 1, nearly the same argument still applies. In this case, T^T = TT and the conclusions 
of Lemmas 13.51 and 13.61 are still valid. The key difference is that the normal bundle of V(q--K;i in 
Uq-;i{^'^', J) is not given by the cokernels of the homomorphisms iq in the long exact sequence ()3.4p . 
Instead, up to the action of the automorphism group of b, the fiber oi M'^T at \b] £Ur-K;i is 

M^T = r_ (6; TP^ 0)/r_(6; TY; 0), where 

T^{b;TY;0) = {CGT_{b;TY):^P,,C = 0} CT_{b;TK), 
if h is the unique element of x(^)- The reason for this is that 

Ut;i{^^;J) = {beUT{F^;J):d{uf,k^J = 0}, 
by Lemma 14.21 Since the linear operator 
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is surjective, the image of the homomorphism jo in the long exact sequence ()4.4|) on r_(6; TP^; 0) 
is the same as on r_(6; rP^;TK). Thus, the analogue of the bundle V_ of Subsection 13.21 in this 
case is the bundle Q^^u described in the previous subsection. The section of V- induced by ^ 

is ^^'^/^ '&■ Its composition with the map vr^ in (|4.1H) is i)^'^/^ '&■ Thus, Proposition 14. 51 in this case 
follows from the regularity assumptions {'d2b) and (iJS), by the same argument as in Subsection 13. 21 
(3) Finally, suppose T = (/, K; d) is a bubble type such that dj = for all minimal elements i E / 
and \I\ >2. In this case, the dimension of the fibers of T'^T may not be constant over W'r;i(P^; J)- 
Thus, we modify the setup of the second part of Subsection 13.21 by working directly with the 
normal bundle to the smooth submanifold ^^T^\utk.i ^^ -^^"^ \ur-i('^'^;J)- ^^^ ^ — >P5^T be the 
tautological line bundle and 

V = ^;5^(7r^E*Oev^rP^) — > P^T. 

We define the section ut of 7* (g) y over PJT by 

if (6, (ui)ig^(^))G7, (6,V')GE^^(b). 
With our assumptions on J, this section is transverse to the zero set and thus 

Z^i(P^J) = a^H0) 
is a smooth suborbifold of P^T. For a similar reason, so is 

Let JV^T denote the normal bundle of Ui-^^ in Ui(F'^] J). Up to the action of the automorphism 
group of [b,[v]]eUi-^„ 

M^T\r 1 =T^{b;TF^;v)/r^{b;TY;v), where 

T^{b;TF^-v) = {CGr_(6;rp4): Y.{i;,^^^^v^)T)p^,C = VVgE,^(,)}, 

iex(r) 

r.{b;TY;v) = {Cer.{b;TY): ^(V^.^^^jt^OS^'^C = VV^GE,^(5)} C r_(6;rAc). 

Thus, there is a natural surjective bundle homomorphism 

V.^TT^^r^f/j^iAf'T) -^ vr^Wj^/,^ if Wr(P^ J) C M?(P^ d; J), 

where j^ : Af^T — ^ '^p-^-r"'^!^ ^^ ^^^ injective bundle homomorphism induced by the maps jo in (|4.4() . 
We put 

^ = TT^^T^T -^ FdT; 
T'''^ = {{b,[v];v)c^T'^:{b,[v])eU^{F^;jy, [p{v)] = [v]}. 
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The smooth orbifold J^^'^ is diffeomorphic to J^^T^ by the projection map 

{b,[v];v)^ib;v). 

Furthermore, T^'^ — >Ui{F^; J) is a fiber bundle of smooth varieties. We can thus apply the same 
argument as in the proof of Lemma 13.51 and the end of Subsection 13.21 along with the regularity 
assumption (1926), to show that 

{sf+t^}~\0)nU{K)=^ yte{0,e^{K)) 

if U{K) and t are sufficiently small. 

It remains to compute the ' ,, , ^^-contribution to the euler class of the bundle W ' ,/ , over 
OJlx(^) d/dn) from the set 






This contribution is computed by counting the zeros of the section .' , , , 'd+tu, for a generic section 



V of W^'^/^ , that lie near ^k,i3- First, let 

^-;- ^^i/d. -^ vr|,E*0^^ev*iVyK 

denote the (quotient) projection map; see 1)3. If) . Our regularity assumptions on v will be that the 
affine map 

V'tf,^: 7r>Lp,i®7r|jLo — > 7r|,E*®7r|3ev^7VyK, Vtf,j.(6;i;) = 7r^.«z^(6) + {^i;^/^/}!?.^^) (4-13) 

over -Zfj,^ is transverse to the zero set and all zeros of ip^e^u lie over 

Z°^^ = Z«,^n (Xi,ix97t[J_i.i(K,dK)). 

Since the set V'^|^(0) is finite, it follows that it lies over a compact subset K^^^, of Z^^- By the 
regularity assumption ('i?2o), these conditions are satisfied by sections u in a dense open subset of 
the space of all sections of VV^'^ /^ . We put 

Lemma 4.6 Suppose J, d, £,, Vf, 'dGAf{s;J), and k&So{Y;J) are as in Proposition \4.5\ and in 
Lenima \4.4\ If '^ = i^j^'id) is a bubble type such that di = for all minimal elements i of I and 
I = {h} is a single- element set, then there exist 5 ^C{Ut;k;1'-,^'^), U]-, and 4>^ as in the n = l case 
of Lemma \4-i^ ££C{J-T;M), and a vector bundle isomorphism 

$r: ^^r,(W«;i/rfJwr;«;i) -^ ^°;i/dJsaf,'(K,d/d«)nc/|' 
covering the homeomorphism (p}j- and restricting to the identity over Ut-k\1 such that 

|7r^^,$^i({f);^;°/,/}(0^(t;)) - {^;^^]:'a/df\b}p{y)\ < <v)\p{v)\ Vt; = (6, ^) G^Tf, 
and linii^i >o£{v) =0. 
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In this case, K = or ^^ contains one element, and 

^ ^(Mi,ixMl^.^{K,d/d^), ifH = 0; 

I^TVIi^i x9Jt(]]^.^(K, d/ (/«;), otherwise. 

In either case, by Lemma 14.21 the normal bundle J^^T oUAt^k hi 9Jt]^(/i:, d/d^) is J-T . If ^^ = 0, 

JTT = TTpLp^i^vr^Lo and p{v) = v. 

Otherwise, J-T is the direct sum of vrp-Lp^i^vr^Lo with the line of smoothings of the node of 5]^^^, 
which in this case is a sphere with two points identified. If v ^ J-T ^ p{v) is the vrpLp^i^TTpLo- 
component of v. 

Lemma 14.61 follows fairly easily from constructions in Z4 and Z5 . However, its proof is notation- 
ally involved, and we postpone it until the next subsection. 

Corollary 4.7 Suppose d, £, Vf, J, ^GAf{s;J), and k^Sq{Y; J) are as in Proposition ^- 5\ If 
u is a generic perturbation of the section 3^'^/^ "& ofW^'^,^ over 9JI^(k;, d/dfi;), there exist e^£M.~^ 

and an open neighborhood U of dZ^.^ in 9JI^(k;, d/dK) such that 

K:V+*^}"'(o)nt^ = vtG (0,6,). 

Furthermore, for every compact subset K of Z^^, there exist eu{K) E R+ and an open neighbor- 
hood U{K) of K in Dyti{K,d/di^) with the following properties: 

(a) the section f^'^/^ 'd+ti^ is transverse to the zero set in W^'^/^ over U{K) for all t G (0, e^iK)); 

(b) for every open subset U of dJli{K,d/di^), there exists e{U)G{0,e^{K)) such that 

if K^^^CKCUCU{K), tG(0,e(C/)). 



Proof: (1) Let T = (/, K;d) be a bubble type such that Yliei^i — ^ and di = for all minimal 
elements i of /. By the regularity assumption (1926), if 

then / = {/i} is a single-element set, while |N| GO, 1. 

(2) We denote by M^T the normal bundle of Zi)j in Ur;K;i- Similarly to the proof of Lemma |S21 

using the homeomorphism (j)}j- of Lemma 14.21 and the bundle isomorphism ^j- of Lemma 14.61 we 

can obtain an identification of neighborhoods of -Z^,r in N^T®TT and in ^i{k, d/d^), 



br,^ : M^'Ts^z^^r^'^S -^ Wl{^i. d/d, 
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and a lift of (/)r;i9 to a bundle isomorphism, 
For {b;X,v)eAf'^Txz^^r^'^S^ we put 

We define Ns{X) and N'^iX,v) in W^'i/^Jfe by 

s{b; X, 0) = s(&; 0, 0) + JbX + NsX = j\tX + iV,X; (4.14) 

s{b; X, v) = s{b; X, 0) + N',{X, v), (4.15) 

where jh'- M^T — ^'^*B^Kdld \^ ^ '^Kdld f^ ^^ ^^^ derivative of s. Thus, 

iV,(0) = 0, \Ns{X)-Ns{X')\<Ck{\X\ + \X'\)\X-X'\ yX,X'£M^Ts. (4.16) 

By the continuity i?, 

\N',{X,v)\<e{v), \N'^{X,v)-N',{X',v)\<e{v)\X-X'\ ^ X,X' GAf^Ts, vGTTs, (4.17) 

for some eGC(.FT;M+) such that lim|„| ,q£{v) = 0. We also have 

\D(b;X,v)\<C(b) , ^,, , , 

|P(6;X,z;)-P(6;X',t;)| <C(6)|X-X'| ' ' a, d, V y 

for some CGC7(Z^_r; IR)- 

(3) Let TT-'B- '^i^dld — ^'^*B^Kdld ^^ *^^ natural projection map; see Subsection 14.41 Let K be 
a precompact open subset of Z^^q-. Since the homomorphism 

is an isomorphism by the regularity assumption (i/2a), by H4.14() - H4.18p and the Contraction Prin- 
ciple, the equation 

■K-.B {s{b; X, v) + tuib; X, ly)) = 

has a unique small solution X = Xt{v) £M^% for all t£[0,5K), v&TTsj^\b, and b&K. Furthermore, 

\Xt(v)\<CK{t+e{v)). (4.19) 

(4) By the above, the number of zeros of d ',,, 'd+ti', for tG {0,5k), in a small neighborhood Uk 
of K in 9JI^(k, d/df^) is the number of solutions of the equation 

*t(6; v) = t-V^.,(s(6; Xt{v);v)+t9{b; Xtiv); v)) 

= t-\^.,K {v; Xt{v)) + 7r^.,z>(5; Xtiv); v) , 
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since ^^^i^ '^^Iwtki is a section of ^r^VV^'^/^ and thus tt-^.^i^NsX = for all X G N'^Ts. By the 
estimate of Lemma 14.61 (|4.19p , and the smoothness of v 

\^t{h;v) - (^f;,r.(6) + t-i{vr-0;l;i/,/}|fep(t;))| < CK{t+e{v))\p{v)\. (4.20) 

By the regularity assumption (z^3), the section T^K^^d/d ^ ^lo^s not vanish over Z^^q-. Suppose T 
is a bubble type as in the |^^| = 1 case in (1) above. By our assumptions on z^, the affine map 

^T -^ 7r*pE*m*Bev*oNyK, v -^ ^^,A^) + {^^^ii/rf/}k/^(^^), (4.21) 

which factors through •i/'i?,;^; does not vanish over the compact set dZ^^^. Thus, ^t^\v) 7^0 for 
all t G M"*" and v € TT\qz^ ^ sufficiently small. This concludes the proof of the first statement of 
CorollarvETTl 

(5) Finally, suppose T is a bubble type as in the [H| = case in (1). If i^ is a compact subset of 
Z^^^ containing Ki}^y^ by (|4.2Up . the regularity assumption (z^3), and the same cobordism argument 
as in Subsection 3.1 of |Zlj . the number of solutions of ^((6;t;) = with t G M"*" and v G J^'T\k 
sufficiently small is the number of zeros of the affine map in 1)4. 21(1 . i.e. ^|V'^J,(0)|. Since T^K^^^Id ^ 
does not vanish over ^k,i?) 

^|V'^,'(0)| = (e(vr|,E*^7r|jevSiVyK)e(7r|>Lp,i07r|jLo)-\[2«,^]> 
= (7r|,(-2A+?/>p,i) + TTl{ci{(iwlNYn)+^o), [Z«,^]>, 

where A and -i/'p,! are the usual tautological classes on M.1^1. The space 2^,1? is the zero set of the 
section t)^'^/^ "& of the bundle tt^VV^'^/^ over 9JI^.]^(k, d/df^). Since this section is transverse to the 
zero set by (i^2a), 

^IV'^iWl = (^p(-2A+V^p,i) -^IjeCWji/.J, [7Wi,ixMo,i;i(Ac,d/4)]> 

= -^(<WS/.J'Po,i;i(^,d/4)]). 

We note that a generic fiber of the forgetful map 

TT:Tlo,i-i{K,d/d^) — >mo{K,d/d^) 

consists of 2{d/di^)—2 points, corresponding to the branch points a degree-d/dre cover P-"^ — >k. We 
conclude that for every compact subset K of Z,^^^ containing K^^^ 

1K:V^+M-'nc/| = ^|V,-Uo)| = -^(**e(wo,/,j, [Mo,i;i(K,dK)]> 

= --L(2(d/dJ-2) (e(W°,/,J, po(K,(iK)]>, 
provided that [/ is a sufficiently small neighborhood of K in 9Jt]^(K, d/d^) and t £ (0, S(U)). 

4.4 A Genus-One Gluing Procedure 

In this subsection, we prove Lemma 14.61 We review the genus-one gluing procedure of Subsec- 
tion ?? in jZ4j and its extensions to the spaces r_(6;rP'^) and r_(6;£). As a result, we will be 
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able to describe the behavior of the boundary operator Do in the long exact sequence p. 4(1 for 
[b{v)]em1{K,d/d^) with v&TT^ sufficiently small. 

Let T = {I,'i\;d) be a bubble type as in the statement of Lemma 14.61 If t; = (6, v) E ^T^ is small 
gluing parameter, let 

b{v) = {'S^,jy;uy), where Uy = UbO g„ 



dVl 



be the (second-stage) approximately J-holomorphic map. Here 



is the basic gluing map constructed in Subsection ?? of |Z4j . In the present case, there is no first 
stage in this usually two-stage gluing construction, as there is only one level of bubbles (in fact, 
only one bubble) to attach. The key advantage of this gluing construction is that the map q^ is 
closer to being holomorphic than in the gluing construction used in Section |31 In particular, 

\\dju4^^^<C{b)\piv)\. 
If bGUr^K;!, then dui,h\oo = and this estimate improves to 

\\dju4^^^<Cib)\piv)\\ (4.22) 

This is immediate from the definition of the map qy. 

We extend the metric gY,b described in Subsection EHl to a metric 5^4 j, on the bundle TP^. Let V"^ 
be the J-compatible connection corresponding to the Levi-Civita of the metric g^i b- 

Similarly to Subsection 13.31 let 

be the space of u^TP^-valued harmonic (0, l)-forms on S5. If v = {b,v) and bGUq-iK,! are as above, 
we put 

r'^^(t;;rP^) = {RyT]-. r,£r^/{b;TF^)} C r°'\v;TF^), 

where Ryr] is a smooth extension of t] such that RvT] is nearly harmonic on the neck attaching 
the only bubble 'Sb,h of S^, and below a small collar of the neck and vanishes past a slighter larger 
collar; see Subsection ?? in |Z4j . Let 

7r°'.L : r°'i {v; TF^) — > r^_l\b; TF^) 

be the L-^-projection map. We denote its kernel by F^ (f;TP'*). By the same argument as in 
Subsection 2.3 in |Zlj . we have a decomposition 

r{v;TF^) =r_('u;rp^)ef+(t;;rp^), 

where r_(t;;rP^) = {RyC = ^ ° Qv- C^'^-{b;TF^)}, 
such that 

Dj^y-.r+iv-TF^) -^ tY{v;TF^) 
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is an isomorphism with fiber-uniformly bounded inverse and 

{{Dj,^C,v))v,2 = yC^r+{v-TK) = r+{v;TF^)nT(v;TK),rj£r'h\v;TF^). 

Analogously to (|4.22p . we also have 

||^j,.C|L,p < C{b)\piv)\\\C\Up,i VCGr_(r;;Tp4). (4.23) 

Furthermore, 

\Tr^J.^_Dj,^R^C + 2ttp{v)J R^^^r\C\ < C{b)\p{v)f\\C\\b,p^ VCer_(6;rp4); (4.24) 

see (5) of Lemma ?? in |Z4j . Due to the assumption that dub^h\oo = 0, we do not need to require that 
ClSfcN =0. We also get a slightly sharper bound, though this is not essential. The estimate (|4.24j) 
is the fundamental fact behind the estimate of Lemma 14.61 

Similarly to Subsection 13.31 the restriction of the homeomorphism (p}j- of Lemma 14.21 can be taken 
to be of the form 

(I^t{[v]) = {[b{v)]), where 6(i;) = (E„, j^;^^), u^ = exp^,^^Cv 

C^,et+{v■TK), \\Cv\\v,p,l<C{b)\p{v)\^. (4.25) 

The last estimate follows from ()4.22() by the usual argument. 

We denote by 

Ui:T{v;T¥^) — > t{v;T¥^) = Ll{b{v);TF^) and 
n„ : T{v; 2) = Ll{b{v)- £) -^ f{v; £) = L?(6(t;); £) 

the V'^-parallel transport in TP^ and the V-parallel transport in £ along the geodesies 7^;^ in k of 
the metric g^^h- By (|4.23j) - (|4.25|) and the same argument as in Subsection ?? of 'Z5], there exists 
an isomorphism 

i?,: r_(6;TP^0) ^f_(i;;rp4)=kerD^^^(^) s.t. 

p„C-n;^^„C|L,p,i<C(6)|p(t;)|'||C||b,p,i vcer_(6;rp^o). (4.26) 

Similarly, there exists an isomorphism 

i?,,:r_(6;£;0) ^f_(t;;£)=kera^^^(^) s.t. 

WR^i-n^R^iW <C{b)\p{v)\^m\b,p,i VCer_(6;£;0), (4.27) 

II II U^jJ^L I I 

where again Ry^ = S, ° Qv 

We next describe a convenient family of finite-dimensional spaces 

r(6;rp^;£) cr(6;rp^), 

parameterized by bGlAj-.^.^, such that the homomorphism 

Jo:r(6;TP^£)^r_(6;£;0) 
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is an isomorphism. For every b^lAj-:^.^, let 

r_,+ (6; Tf^; Nyk) ^ ew^pNyn and r_,+ (6; TP^ k) 

be the L^-orthogonal complements of r_(6;rP^;TK) in T^{h;T¥^]TY) and of r_(6;TK;0) in 
r_(6;TP^;0), respectively. The map in (|4.1fl|) induces a surjective homomorphism 

fr^ : r_ (6; £; 0) — > ev*pNYK, 

which restricts to an isomorphism on jo(r_^+(6;TP^; A^y^)) and vanishes on jo(r_^+(6;TP^; k)), 
where jo is as in ()4.4I) . Let r_^_|_(6;£; 0) be the L^-orthogonal complement of jo(r„^+(6;TP^; k)) 
in ker tt" . We set 

r+,_(6;rP^iVp4y) = {CGr(6;iVp4y):4oCGr_,+ (6;£;0)}, 

where the normal bundle A'p4y of Y in P'* is identified with the gpi (,-orthogonal complement of 
TV in TP^ and 

TT^-.TF'^ — >£^Np4Y 

is the quotient projection. Then, the map 

TT^ : r(6; TP^ £) =r_,+ (6; TP^; K)er„,+ (6; TP^ iVYK)er+,_(6; TP^; iVp4y) — > r_(6; £; 0) 
is an isomorphism. Furthermore, since 

r_,+(6; TP^ k) e r_,+(6; TP^; iVy/t) C r_(6; TP^), 

the map 

c)fe: r+,_(6;TP^iVp4y) -^ HJ{7rB{by, Nyn), ( -^ [vr;fZ?j,feC], 

is also an isomorphism, by the definition of the boundary operator Oq in (|4.4j) . 

We now use the subspace r(6; TP^; £) of r(6; TP^) to construct an analogous subspace T{v; TP^; £) 
of r(t;;rP'^) for v^J-T^ sufficiently small. For every 

C G r_,+(6;TP^iVyK)er+,_(6;rp4;Arp4y), 
we define ^„Cef (t;;rP'^) by 

TiyRvC = RvTTyC e f _(u; £) and i?„c - ^^RvC e r(s„; u;A^p4y), 

where again RvC = C ° Qv By (|i^ and (|07|) . 

p„C-n„i?„C|Lpi<C(6)|/5(i;)|'||C||6,p,i VCGr(6;P^£). (4.28) 

II II Lyj/Vj J- I I 

Let f_,+(i;;rP^;K), f^,+ (t;;rP'^; iVyK), f+ „(t;;rP'^; iVp4y), and r{v;TF^;£,) denote the images 
of r_,+ (6;rp4;K), r_,+'(6;Tp4;AryK), r+,_(6;rp4; A^p4y), and r(6;rp4;£) under i?„. By (li:^ . 
the map 

TT^ : f (u; TP^ £) — ^f-(t;;£) 



52 



is injective and thus an isomorphism. Furthermore, since 

by the definition of the boundary operator Dq in H3.4|) the map 

n,: f_,+ (u;rP^iV^K)ef+,_(z;;rp4;7Vp4y) ^i/j(6(t;);iVyK), ( -^ [<Dj~,^,^^C], 

is surjective and thus an isomorphism. We set 

r"_l\{v;TF^;NYK) = {tt^ D j~^^,^^C ■ Cef_,+(z;;rP^ TVy^)} c t'''\v;NYK) = LP{b{vy,NY^ 
fl^_{v;T¥^;N^4Y) = {tt^Dj^^^C- Cer+^_{v;T¥';N^4Y)} C fO'i(t>; iVyK). 

It follows from above that the projection map 



Tvrr : iZl'^{v;T¥^; NYK)®fl]_{v;TF^; N^iY) — > H]{h{v)] Ny k) 



is an isomorphism 



The space Fj {h]NYn) of n^A^^y-K- valued harmonic (0, l)-forms on E^ splits as 

T^J:^{b]NYK) = T^l]p{b;NYn)®T^_:]j^{h-NYK) = nb,P^eY*pNYK ®r°_:]^{b; Nyk). 

Here r_'.p(6; Nyh) and rj.p(6; Nyk.) are the subspaces of Fj (6; Nyk) consisting of the differentials 
supported on the main components S^^h of St and on the only bubble component Sb^^ of Sfe, 
respectively. Let 

<P'<b: r°_;i(6;7VyK) ^ F°J^p(6;7VyK), F°J^p(6; iVy^) 

denote the projection maps. If rj £ TCb,p'S>evpNYK, we define Ruf] G r^'^{v;NYK) as above by 
identifying Nyk with the (7y^b-orthogonal complement of Tk in Tl" CTP^. If rjGT^.^^b; Nyk), let 
Rv'n^Qv'n- We denote by 

f'!:;p(^^;A^y'^), f°;'B(i;;iVyK) C fO'i(i;;iVyK) 
the images of Fj.p(6; A^y/t) and Fj.^(6; A^y/t) under the map Rv = Il'^Rv Let 

#°;^: f°'i(i;;iVyK) ^ f°J^p(z;; A^y^) and ^°J : P'^t;; ATy/t) ^ f'!;^5(r;; A^y^) 
be the L^-projection maps. 
By (ji:^ . dUini), and (lOHj) . 

l<P^j,6H^-C + 2^p(t;)Ji?„^;^2)^';,C| <C(6)|Ki;)|'||C||6,p,i VCGF°;;+(t;;rP^ A^y^). (4.29) 
In particular, the projection map 

vf°:p: f^^(r;;TP^ A^yK) -^ f^^p(T;; A^y/.) 
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is an isomorphism. We denote its inverse by Sy-p. The projection map 

is also an isomorphism, since the map db is. We denote its inverse by S^-b- 
Finally, let 

The maps T„ with v G ^Tf induce a bundle isomorphism 



',1,1 [ \ , i/\;°'i I 



covering (f)}j-\j^^(D. This isomorphism extends continuously over TTs—J^T^, as can be seen directly 
from the definition. 

If 'd{v) G r_ (u; £) , we can find a unique 

G f_,+ (t>; TP^ k) f _,+ (i;; TP^; iVy/t) f +,_(i;; TP^; iVp4y) 
such that ■K^C,^{v) = ^{v). By (jj^ll), 

|^J],r-ic)o^(f) +2^p(t;)j7r;f2)^',i2-iC^0(T;)| < C^{b)\p{v)\\ (4.30) 

On the other hand, by the definition of the map vr^ in Subsection 14.21 

^k^'^d/d^^^b) = -27rJn^i)^r,hCib)- (4.31) 

The estimate of Lemma l4. 61 follows from ()4.28() . ()4.3U|) . 1)4. 3ip . and the continuity of the section t?. 
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